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Abstract: We consider the computation of the topological string partition function for 5-
brane web diagrams with an O7−-plane. Since upon quantum resolution of the orientifold
plane these diagrams become non-toric web diagrams without the orientifold we are able to
apply the topological vertex to obtain the Nekrasov partition function of the corresponding 5d
theory. We apply this procedure to the case of 5d SU(N) theories with one hypermultiplet in
the antisymmetric representation and to the case of 5d pure USp(2N) theories. For these cases
we discuss the dictionary between parameters and moduli of the 5d gauge theory and lengths
of 5-branes in the web diagram and moreover we perform comparison of the results obtained
via application of the topological vertex and the one obtained via localisation techniques,
finding in all instances we consider perfect agreement.
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1 Introduction
Recently, there has been much progress in the understanding of supersymmetric quantum
field theories in five-dimensions. The existence of various ultraviolet (UV) complete five-
dimensional (5d) N = 1 supersymmetric gauge theories was originally studied in [1–4] and
shows interesting features such as an enhancement of flavour symmetries. Recently, a larger
class of new UV complete 5d N = 1 supersymmetric gauge theories has been conjectured to
exist by the existence of 5-brane webs in type IIB string theory [5–15]1 whose worldvolume
theories yield the corresponding 5d gauge theories at low energies [20–23]. If a 5-brane web
has an S1 direction or infinitely rotating structure, the 5-brane web can even realise a 5d
gauge theory which has a UV completion as a 6d N = (1, 0) superconformal field theory
(SCFT) [8, 10–13].
The 5-brane web diagram is useful for exploring the landscape of UV complete 5d gauge
theories as just described, but it also has another important feature. Namely, it is possible to
compute the exact partition function of the 5d theory realised on a 5-brane web by using the
topological vertex. This is based on a duality between a 5-brane web in type IIB string theory
and a Calabi-Yau threefold in M-theory [24]. The duality maps the BPS states of the 5d theory
to M2-branes wrapping two-cycles in the dual Calabi-Yau threefold, whose contribution can
be captured by the topological string partition function. Therefore, the topological string
partition function for the dual Calabi-Yau threefold exactly gives the partition function of a
5d gauge theory on the 5-brane web, see for example [25–28].
Although the technique of the topological vertex was originally developed for computing
the topological string partition function for a toric Calabi-Yau threefold, further studies re-
vealed that the topological vertex can be also employed for the computation of the topological
string partition function for a certain class of non-toric Calabi-Yau threefolds [29–33]. These
threefolds may be obtained by a topology changing transition from a toric Calabi-Yau three-
fold. This transition has a nice interpretation in terms of physics of the 5d theory obtained
from the toric Calabi-Yau threefold: initially the theory is in a Coulomb branch and the
transition is triggered by going in a particular region of the Coulomb branch as well as the
parameter space where some hypermultiplets become massless. Having massless hypermulti-
plets then allows entrance in a Higgs branch which in turns yields a different theory at low
energies. The renormalisation group (RG) flow triggered by the Higgs vacuum expectation
value (vev) of the UV 5d theory to the infrared (IR) 5d theory corresponds to the topology
changing transition of the toric Calabi-Yau threefold to a non-toric Calabi-Yau threefold. The
partition function of the UV 5d theory can be easily computed by using the topological vertex
since it is characterised by a toric Calabi-Yau threefold. Ref. [29, 30, 32] have applied the
Higgsing prescription to the topological vertex formalism and found out that essentially the
same topological vertex can be used for computing the topological string partition function
1It is also possible to give an evidence for the existence of the new UV complete 5d gauge theories by a
field theory method using the instanton operator analysis [16–19].
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for such a type of non-toric Calabi-Yau threefolds. The upshot is that it is possible to apply
the topological vertex to a 5-brane web even if it is dual to a non-toric Calabi-Yau threefold.
In this paper we will apply this technique and compute the Nekrasov partition function
of two classes of 5d N = 1 supersymmetric gauge theories: we will consider SU(N) gauge
theories with a hypermultiplet in the antisymmetric representation and pure USp(2N) gauge
theories. For both class of theories the corresponding 5-brane diagrams were proposed in in [9]
and have the common feature of having an O7−-plane in the web diagram. However it has not
been checked whether the topological string partition function for the dual non-toric Calabi-
Yau threefold reproduces the corresponding Nekrasov partition function. Although the gauge
theory content is manifestly seen in the presence of an O7−-plane, we need to resolve the O7−-
plane in order to apply the topological vertex formalism. After decomposing the O7−-plane
into two 7-branes by quantum effects [34], the resulting 5-brane web does not manifestly show
the gauge theory content of the 5d SU(N) gauge theory with antisymmetric matter or the 5d
USp(2N) gauge theory. However, we will see that the topological string partition function
remarkably recovers the Nekrasov partition function of the 5d theories. Also, we will find a
way to identify the gauge theory parameters from the 5-brane web diagrams, which gives a
systematic method for computing the Nekrasov partition functions from the 5-brane webs.
The organisation of the paper is as follows. In section 2, we compute the Nekrasov
partition function of a 5d SU(2N) gauge theory with a hypermultiplet in the antisymmetric
representation by using the topological vertex. We explicitly compare the perturbative part
and the one-instanton part of the partition function with the known field theory result from
the localisation for the cases of 5d SU(4), SU(6) gauge theories finding agreement between
the two results. In section 3, we turn to the computation of the Nekrasov partition function
of the 5d USp(2N) gauge theory. We start with the observation that the web diagram for
an USp(2N) gauge theory may be obtained by a Higgsing of the web diagram of an SU(2N)
gauge theory with a hypermultiplet in the antisymmetric representation. This allows us to
obtain the result for the partition function of a pure USp(2N) gauge theory by applying the
Higgsing to the partition function obtained in section 2. Also in this case we compare the
result obtained via topological string computation with localisation techniques for the cases
of pure USp(4) and USp(6) gauge theories finding perfect agreement. Lastly, we compute the
partition function of a 5d SU(2N − 1) gauge theory with one antisymmetric hypermultiplet
in section 4. We discuss how going to an extreme region in Coulomb branch moduli space it
is possible to obtain the diagram realising a SU(2N − 1) gauge theory with a hypermultiplet
in the antisymmetric representation from the diagram realising a SU(2N) theory with one
antisymmetric hypermultiplet. Therefore using the results obtained in section 2 we easily
obtain the partition function for the case of an SU(5) gauge theory with one antisymmetric
hypermultiplet. Again we compare the result obtained via topological string computation
with the one obtained by applying localisation techniques finding perfect agreement. Some
technical details employed in the computations throughout the paper are reviewed in the
appendices. Appendix A summarises the formalism of the topological vertex including its
application to non-toric Calabi-Yau threefolds. Appendix B collects the result of the Nekrasov
– 3 –
O7−
(2− k, 1)
N (1, 0)
(0, 1)
(N, 1)
N (1, 0)
(N + k + 2,−1)
(N + 2− k, 1)
(k + 2,−1)
Figure 1. The web diagram realising an SU(2N)k gauge theory with antisymmetric matter in the
presence of an O7−-plane.
partition function of a 5d SU(N) gauge theory with a hypermultiplet in the antisymmetric
representation and of a 5d USp(2N) gauge theory.
2 5d SU(2N) gauge theory with antisymmetric matter
In this section, we analyse a 5d SU(2N) gauge theory with a hypermultiplet in the antisym-
metric representation and the Chern-Simons (CS) level κ and their realisation via 5-brane
webs. We always assume that N is greater than 1. In the case of N = 1, the antisymmetric
representation is trivial. In order to have a 5d UV fixed point, the value of the Chern-Simons
level is restricted to |κ| ≤ N + 3 [11, 18]. We will employ the notation Gκ where G stands
for a gauge group and κ is the CS level. Note also that the quantisation condition of the CS
level is given by
κ+
2N − 4
2
= κ+N − 2 ∈ Z. (2.1)
Therefore, the CS level κ is always integer in this case, which will be also seen from the
corresponding 5-brane web.
2.1 The 5-brane web
A 5d SU(2N)κ gauge theory with a hypermultiplet in the antisymmetric representation can
be realised on a 5-brane web with an O7−-plane [9]. The 5d theory is conjectured to have a
5d UV fixed point [4, 9, 11, 18] and its perturbative flavour symmetry is U(1)×U(1)I where
the latter U(1)I is associated to the instanton flavour current. A the 5d UV fixed point there
is a possibility of further enhancement of the flavour symmetry depending on the specific
value of the CS level. In the particular case of N = 2 since the antisymmetric representation
is real the perturbative flavour symmetry is actually USp(2)× U(1)I .
The 5-brane web for the 5d SU(2N)k gauge theory with a hypermultiplet in the anti-
symmetric representation is depicted in Figure 1. The directions in which 5-branes extend
are summarised in Table 1. Since the whole structure of the web diagram may be analysed
by projection in the (x5, x6)-plane we shall always restrict all figures in the paper to this
– 4 –
0 1 2 3 4 5 6 7 8 9
D5 × × × × × ×
NS5 × × × × × ×
(p, q) 5-brane × × × × × angle
7-brane × × × × × × × ×
Table 1. Type IIB brane configuration for a 5-brane web diagram. The slope of the (p, q) 5-brane is
q
p in the (x5, x6)-plane.
particular plane choosing the orientation so that x5 corresponds to the horizontal direction
and x6 to the vertical one. Therefore in all figures a horizontal line corresponds to a D5–brane
and a vertical one to an NS5–brane. In Figure 1, fundamental strings which cross the middle
NS5-brane gives a hypermultiplet in the antisymmetric representation of the SU(2N) gauge
group. Furthermore, k is integer and this reflects the fact that the CS level is integer (2.1).
While the 5-brane web in the presence of an O7−-plane is well suited for reading off
the gauge group and the matter fields we cannot directly use it for computation of the 5d
Nekrasov partition function for there is no prescription for the application of the topological
vertex in the presence of orientifold planes. In the case of an O7−-plane it is still possible
to find a web-diagram to which it is possible to apply the topological vertex for an O7−-
plane splits into a pair of 7–branes when non–perturbative effects in the string coupling gs
are taken into account [34]. In the case at hand since the middle NS5-brane is attached to
the O7−-plane, the O7−-plane should split into a (0,−1) 7-brane and a (2, 1) 7-brane and
the NS5-brane ends on the (0,−1) 7–brane [9, 11]. The resolution at the same time creates
a 5-brane loop. Pulling off the 7-branes from the 5-brane loop and taking into account the
various Hanany–Witten transitions [35] due to the branch cuts of the 7-branes we finally
obtain an equivalent 5-brane web diagram given by Figure 2.2
The resulting 5-brane web diagram contains configurations of some 5-branes jumping over
other 5-branes, and hence it is not dual to a toric Calabi–Yau threefold in M-theory. Although
the original topological vertex formalism in [36, 37] was intended for the application to toric
Calabi–Yau threefolds, Ref. [32] has shown that it is possible to apply the topological vertex
directly to such a 5-brane web diagram involving the configurations of 5-brane jumps, which
is dual to a certain non-toric Calabi-Yau threefold. Therefore, we can obtain the 5d Nekrasov
partition function of the 5d SU(2N) gauge theory with a hypermultiplet in the antisymmetric
representation from computing the topological string partition function obtained by applying
the topological vertex to the 5-brane web in Figure 2. Although the presence of the hyper-
multiplet in the antisymmetric representation is not manifest after splitting the O7−-plane,
we will see that the topological string computation precisely recovers its contribution from
the 5-brane web diagram in Figure 2.
2In fact, we performed the overall T−1-transformation compared to the web in Figure 1. The charge of the
(p, q) 5-branes becomes (p− q, q) by the T−1-transformation.
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(1,−1)
N (1, 0)
(N − 1, 1)
N (0, 1)
(N − 1) (1,−1)
N (1, 1)
N (1, 0)
(1− k, 1)
(N − 1 + k,−1)
(N + 1− k, 1)
Figure 2. The web diagram realising an SU(2N)k theory with antisymmetric matter after the
quantum resolution of the orientifold plane and the extraction of the 7-branes to infinity.
Let us also point out that the 5-brane web depicted in Figure 2 is valid only when the
Chern-Simons level k lies in the interval −N ≤ k ≤ N + 2. In the other cases within
|k| ≤ N + 3, we need to further manipulate the 5-brane web so that all the 7-branes attached
to external 5-branes are put at infinity. We will restrict ourselves to the cases where the 5-
brane web diagram is in the form given by Figure 2, namely the CS leve is −N ≤ k ≤ N + 2,
for computing the topological string partition function, but the computation for the other
cases can be done in a similar manner in principle.
Finally we would like to note that the web diagram of the 5d SU(2N) gauge theory with
a hypermultiplet in the antisymmetric representation may be also obtained by Higgsing a
5-brane web diagram yielding a 5d linear quiver theory of the following type
SU(2)− SU(4)− SU(6)− · · · − SU(2N − 2)− SU(2N) (2.2)
where we have N gauge nodes. The examples of the Higgsing in the case of N = 2, 3 are
depicted in Figure 3. This Higgsing in fact cannot be seen in a perturbative description of
the 5d linear quiver theory for it uses a vev of hypermultiplet charged under the instanton
flavour current. Those hypermultiplets do not appear in a perturbative regime but appear
non-perturbatively. The 5-brane web diagram enables us to see such a Higgsing as in Figure
3.
2.2 Parametrisation
Before going to the actual computation of the topological string partition function we will
first determine how the parameters and the moduli of the 5d SU(2N) gauge theory with
a hypermultiplet in the antisymmetric representation are related to the parameters of the
5-brane web yielding the 5d theory. For that we will use a 5-brane web in Figure 4 instead
– 6 –
Figure 3. Examples of SU(2N)k with antisymmetric matter as a Higgsing of a linear quiver. On the
left the case of N = 2, on the right the case of N = 3. The 5-branes with the green dot get shrunken
for the Higgsing.
of the one in Figure 2. The two figures are equivalent as they are related by flop transitions
in the dual Calabi-Yau geometry.
The parameters of the 5-brane web are the lengths of the finite size 5-branes. They
are dual to the volume of two-cycles in the dual Calabi–Yau threefold in M-theory. The
relations between the parameters of a 5-brane web and the moduli and the parameters of the
corresponding 5d theory are the followings: local deformations which do not move external
5-branes give moduli of the corresponding 5d theory whereas global deformations which move
external 5-branes yield parameters of the corresponding 5d theory.
From the matter content of the 5d gauge theory, we should have 2N −1 Coulomb branch
moduli, one gauge coupling, and one mass parameter for the antisymmetric hypermultiplet.
The Coulomb branch moduli of the 5d theory can be easily identified with the parameters
in the 5-brane web diagram. The 5-brane web in Figure 4 has 2N color D5-branes giving
the SU(2N) gauge group. Hence, the length between each color D5-brane corresponds to the
2N − 1 Coulomb branch moduli. More specifically, we parametrise Qi in Figure 4 as
Qi = exp[−(αi − αi+1)], (2.3)
for i = 1, · · · , 2N − 1. αi, (i = 1, · · · , 2N) with
∑2N
i=1 αi = 0 are the Coulomb branch moduli
of the SU(2N) gauge theory. Here αi − αi+1 is the length between the i-th3 color D5-brane
and the i + 1-th color D5-brane. The parameter Q associated with a length L is generally
defined as Q = e−L. In this paper, the length Q always means L of e−L.
3The order of the color D5-branes is given from top to bottom.
– 7 –
Q1
Q2
QN
QN+1
Q2N
Qˆ1
Qˆ2N
Q˜1
Qˆ1
A1
A2
A3
AN
AN+1
AN+2
A2N−1
A2N
M
Figure 4. The definition of the parameters entering in the brane web of the 5d SU(2N)k gauge theory
with antisymmetric matter.
It is also convenient for later discussion to define
Ai = exp[−αi], (2.4)
for i = 1, · · · , 2N and ∏2Ni=1Ai = 1, which parameterise the height of the color D5-branes as
in Figure 4. With the Ai’s, Eq. (2.3) can be rewritten as
Qi = AiA
−1
i+1. (2.5)
for i = 1, · · · , 2N −1. Using (2.5) with ∏2Ni=1Ai = 1, one can inversely solve (2.5) and obtains
A2N = Q
− 1
2N
1 Q
− 2
2N
2 · · ·Q
− 2N−2
2N
2N−2 Q
− 2N−1
2N
2N−1 . (2.6)
The expression of the rest of Ai, i = 1, · · · , 2N − 1 can be constructed by using (2.5) and
(2.6).
Another parameter we need to determine is the mass parameter of the hypermultiplet in
the antisymmetric representation. The identification of the mass parameter can be understood
by considering a Higgsing to a 5d USp(2N) gauge theory from the 5d SU(2N) gauge theory
with the one antisymmetric hypermultiplet. The antisymmetric hypermultiplet can acquire
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a vacuum expectation value when the mass parameter is zero. In terms of the 5-brane web
in Figure 4, the Higgsing occurs when we put the one (1,−1) 5-brane in the upper middle
part of the diagram on the (1,−1) 7-brane on which N −1 5-branes end. Therefore, the mass
parameter M of the hypermultiplet in the antisymmetric representation should satisfy the
following condition
− log
(
Q˜1Qˆ1
)
∝ m, (2.7)
where Q˜1 and Qˆ1 are depicted in Figure 4. From the geometry of the web diagram, one can
obtain
Q˜1 = A1M
−1, (2.8)
Qˆ1 = M−N+1A−N2N
(
2N∏
i=2
Ai
)
(2.9)
= M−N+1A−11 A
−N
2N , (2.10)
where M is the height of the D5-brane on the upper-left part of the diagram as in Figure 4.
By using the parameters of (2.8), (2.10), Eq. (2.7) becomes
N log (MA2N ) ∝ m. (2.11)
Then it is natural to choose −N4 for the proportionality constant of (2.7) and hence (2.7)
becomes
Q˜1Qˆ1 = exp[Nm], (2.12)
which gives the relation between the mass parameter of the antisymmetric matter and the
lengths in the 5-brane web.
The last parameter is the gauge coupling or the instanton fugacity of the 5d SU(2N)
gauge theory. In order to determine the instanton fugacity from the web diagram, we go
back to the web diagram with an O7−-plane in Figure 5. Note that the web diagram in
Figure 5 is related by the T−1-transformation to the original web diagram in Figure 1. The
T−1-transformed diagram in Figure 5 is directly related to the 5-brane web in Figure 2 after
resolving the O7−-plane. Some parameters in Figure 5 are common to the ones in Figure 4 and
hence we use the same parameters. More specifically, Qˆ1, A1, · · · , AN and M in Figure 5 are
the same as the ones in Figure 4. However, some parameters are new and we define Q as the
exponential of the minus of the length of the D5-brane in the upper-left part. Also we define
X as the exponential of the minus of the height of the O7−-plane. We will soon determine
Q and X by the parameters in Figure 4 but let us first see how the instanton fugacity of the
SU(2N) gauge theory with one antisymmetric hypermultiplet can be determined from the
web diagram in Figure 5.
For that, we consider a double cover of Figure 5 by adding the mirror image of the
upper-half diagram as in Figure 6. The 5-brane web diagram in orange in Figure 6 is mirror
4The overall negative sign may be a convention of the mass parameter.
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AN
X
AN−1
A1
M
(N + 1− k, 1)
(N + k + 3,−1)
(1,−1)
Qˆ1
Q
O7−
Figure 5. The web diagram of Figure 1 after performing the T−1 transformation.
AN
AN−1
A1
M
(N + 1− k, 1)
(N + k + 3,−1)
(1,−1)
Qˆ1
Q
O7−
(1,−1)
(N + k + 3,−1)
Q
Figure 6. The double cover of the diagram appearing in Figure 5.
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L1
(N + 1− k, 1)(1,−1)
O7− X
1
(N + 1− k, 1)(1,−1)
O7− X
1L2
(N + k + 3,−1)
(1,−1)
Figure 7. Left: The length L1 obtained from the extrapolation of the two upper-right external 5-
branes. Right: The length L2 obtained from the extrapolation of the two lower-right external 5-branes.
to the 5-brane web diagram in black in Figure 6. From the double cover, one can choose
a fundamental region as we like. In order to determine the instanton fugacity, we choose
the right-half fundamental region. Then the instanton fugacity or the gauge coupling can
be determined by shrinking all the Coulomb branch moduli [22]. In practice, the instanton
fugacity can be obtained by taking the average of the lengths given by extrapolating upper
and lower external 5-branes to the origin [38]. When we extrapolate the two upper external
5-branes to a horizontal line which is located at the origin in the vertical direction as on the
left of Figure 7, the length between the external 5-branes on the horizontal line is given by
L1 = Qˆ1 (A1)
−1
(
AN+1−k1
)−1
= Qˆ1A
−N−2+k
1 . (2.13)
On the other hand, when we extrapolate the two lower external 5-branes to the horizontal
line which is located at the origin in the vertical direction as on the right of Figure 7, the
length between the external 5-branes on the horizontal line becomes
L2 = Q
(
A−11 X
2
)−1 ((
X−2M
)N+k+3)−1
= QA1M
−N−k−3X2N+2k+4. (2.14)
Note that the heights of the left-lowest D5-brane and right-lowest D5-brane are A−11 X
2,
X2M−1 respectively. Then the square of the instanton fugacity u is L1L2, namely
u2SU(2N) = L1L2 = Qˆ1QA
−N−1+k
1 M
−N−k−3X2N+2k+4. (2.15)
The last task is to rewrite X and Q in terms of the parameters in Figure 4. Hence, we
carefully follow what happens when the O7−-plane is resolved into an [1,−1] 7-brane and
a [1, 1] 7-brane. One can see that the [1,−1] 7-brane which ends on the upper-left external
(1.−1) 5-brane originates from the resolution of the O7−-plane. Also, the [1, 1] 7-brane which
ends on the lower-left external (1, 1) 5-brane originates from the resolution of the O7−-plane.
In fact, the position of the O7−-plane of the 5-brane web in Figure 4 is identified by the
– 11 –
AN
AN−1
A1
A2N
M
Qˆ1
QQˆ−11
(1,−1)
O7−
(1, 1)
(N − 1 + k,−1)
Figure 8. Result of Hanany-Witten transitions on the web diagram after resolution of the orientifold
plane.
intersection of two lines which are obtained by extrapolating the two external 5-branes on
the lefthand side in Figure 4 [33]. The (N + k+ 3,−1) external 5-brane in Figure 5 becomes
the lower-right (N − 1 + k,−1) 5-brane after crossing the branch cut of the O7−-plane. The
structure is summarised in Figure 8. From the diagram in Figure 8, the height of the location
of the O7−-plane is the middle between the height M and the height A2N . Therefore, X can
be identified as
X = M
1
2A
1
2
2N . (2.16)
Then the instanton fugacity (2.15) can be written by
u2SU(2N) = Qˆ1QA
−N−1+k
1 A
N+k+2
2N M
−1. (2.17)
A part of the 5-brane whose length is Q is affected by the branch cut of the O7−-plane.
In Q, the Qˆ1 part remains the same as the original one but the rest part which we denote by
a red line in Figure 8 changes into the orange straight lines in Figure 8. Therefore,
Q
(
Qˆ1
)−1
= MA−12N Qˆ2N , ←→ Q = Qˆ2NA−11 M−N+2A−N−12N . (2.18)
Then, inserting (2.16) and (2.18) into the expression of the instanton fugacity (2.15) finally
yields
u2SU(2N) = Qˆ1Qˆ2NA
−N−2+k
1 A
k+1
2N M
−N+1. (2.19)
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Figure 9. Non-toric web diagram giving an SU(2N)k theory with antisymmetric matter.
It is also possible to rewrite (2.19) in terms of Q1, · · · , Q2N−1, Q˜1, Qˆ1, Qˆ2N by using (2.5),
(2.6) and (2.8).
In summary, the relations between the parameters in the 5-brane web and the moduli
and the parameters of the 5d SU(2N) gauge theory with antisymmetric matter are (2.3),
(2.12) and (2.19).
2.3 The partition function
Given the parametrisations (2.3), (2.12) and (2.19), we have all the necessary ingredients
for the computation of the topological string partition function and its comparison with the
corresponding Nekrasov partition function obtained by localisation techniques. The basic
tool for computing the topological string partition function is the topological vertex which we
briefly review in Appendix A. In Figure 4, some external 5-branes jump over other internal
5-branes. For those cases, we can simply replace the configuration with a 5-brane web without
any jump as in Figure 9 [29, 32] by shrinking the external 5-branes until no jumps occur.
Putting trivial representations for the shrunken 5-branes as well as remaining external 5-
branes, we can apply the topological vertex to the 5-brane web given in Figure 9.
We find it convenient for the application of the topological vertex to the 5-brane web in
Figure 9 to first cut the diagram into three vertical strips and then glue the three pieces after
computing the partition function of each part. Each strip is depicted in Figure 10, Figure 11
and Figure 12. We denote the topological string partition function from the vertical strip
geometry by Z1 ({νi}, {ν˜k}) from Figure 10, Z2 ({νi}, {ν˜k}) from Figure 11 and Z3 ({νi}) from
Figure 12. νi, (i = 1, · · · , 2N) and ν˜k, (k = 1, · · · , N − 1) are the Young diagrams associated
to the horizontal legs in Figure 9. The application of the formulae of the topological vertex
– 13 –
Q1 Q2 QN−1
Qˆ1, ν˜1
Qˆ2, ν˜2
QˆN−1, ν˜N−1
QˆN+2, νN+2
QˆN+3, νN+3
Qˆ2N , ν2N
Figure 10. The first strip of the diagram appearing in Figure 9.
in appendix A is straightforward and we obtain
Z1 ({νi}, {ν˜k}) =
N−1∏
i=1
H(Qi, ν˜i, νt2N+1−i)−1, (2.20)
Z2(ν, ν˜) =
N−1∏
i=1
N−1∏
j=i
H(Q˜j
j∏
k=i+1
Qk−1, νi, ν˜tj)
N−1∏
j=1
N+1∏
i=j+1
H(Q˜−1j
i∏
k=j+1
Qk−1, νti , ν˜j)
×
 N∏
i=1
N+1∏
j=i+1
H(
j−1∏
k=i
Qk, νi, ν
t
j)
−1  N∏
j=1
N−1∏
i=j+1
H(
i−1∏
k=j
Qk−1Q˜−1k−1Q˜k, ν˜j , ν˜
t
i )
−1 ,
(2.21)
Z3 ({νi}) =
2N−1∏
β=1
2N−1∏
α=β
H(
α∏
κ=β
Qκ, νβ, ν
t
α+1)
−1 , (2.22)
where we introduced definitions
H(Q, ν1, ν2) :=
∞∏
i,j=1
(1−Qqi+j−1−ν1,i−ν2,j ) , (2.23)
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Qˆ1, ν1
Qˆ2, ν2
Qˆ3, ν3
QˆN , νN
QˆN+1, νN+1
Q˜1
Q1Q˜
−1
1
Q˜2
Q2Q˜
−1
2
QN−1Q˜−1N−1
QN
Qˆ1, ν˜1
Qˆ2, ν˜2
QˆN−1, ν˜N−1
Figure 11. The second strip of the diagram appearing in Figure 9.
and
Qj := Q22N−j Qj+1 , j = 1, . . . , N − 2 ,
QN−1 := QN+1QNQN−1Q˜N−1 .
(2.24)
Here q = egs where gs is the topological string coupling constant. In terms of the Nekrasov
partition function, it becomes the Ω-deformation parameter.5
Then, the total topological string partition function is given by gluing the three pieces
by summing the Young diagrams νi for i = 1, · · · , 2N and ν˜k for a = 1, · · · , N − 1 with
some weights. The gluing along the horizontal lines parametrised by the Young diagrams
5Note that for comparison between the topological string and the Nekrasov partition function we need to
work in the case in which the two i, i = 1, 2 parameters of the Ω-background satisfy 1 = −2 = .
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Q1
Q2N−1
Qˆ1, ν1
Qˆ2, ν2
Qˆ2N−1, ν2N−1
Qˆ2N , ν2N
Figure 12. The third strip of the diagram appearing in Figure 9.
ν˜k, (k = 1, · · · , N − 1) is
Z1+2 ({νi}) =
∑
ν˜1,··· ,ν˜N−1
[
N−1∏
k=1
(−Qˆk)|ν˜k|K(ν˜k)
]
Z1 ({νi}, {ν˜k})Z2 ({νi}, {ν˜k}) , (2.25)
where we defined
K(λ) = q ||λ||
2+||λt||2
2 Z˜2λ(q) . (2.26)
Further gluing along the horizontal lines parametrised by the Young diagrams νi, (i = 1, · · · , 2N)
gives
Ztop =
∑
ν1,··· ,ν2N
[
N∏
i=1
(−Qˆi)|νi|fνi(q)N+2−κ−iK(νi)
][
2N∏
i=N+1
(−Qˆi)|νi|fνi(q)−κ−(i−N−1)K(νi)
]
×
Z1+2 ({νi})Z3 ({νi}) .
(2.27)
Eq. (2.27) yields the full topological string partition function by applying the topological
vertex to the 5-brane web in Figure 2 or equivalently Figure 9. However, when comparing
this result with the Nekrasov partition function it is necessary to remove the contributions
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coming from decoupled factors [5, 29, 39, 40]. Without the cancellation of these contributions
the topological string partition function would otherwise contain contributions of incomplete
5d BPS multiplets. The contributions can be easily read off from those of strings between
parallel external legs in the 5-brane web diagram. This is also true when we consider 5-brane
web diagrams which include the configuration of 5-brane jumps [32]. It is clear from the
5-brane web in Figure 2 that we have a universal decoupled factor
Zunivdec = H
(
Q˜21
[
N−1∏
k=2
Q˜k
][
N−1∏
k=1
Q−1i Qi+N
])−1
. (2.28)
Here we used an abbreviated notation
H(Q) := H(Q, ∅, ∅). (2.29)
For special value of the CS level, there can be an additional decoupled factor. For example,
when κ = N + 2, we have
Zκ=N+2dec = H(Qˆ1)−1. (2.30)
When κ = −N , we have
Zκ=−Ndec = H(Qˆ2N )−1. (2.31)
Namely, the total decoupled factor Zdec is Z
univ
dec for −N + 1 ≤ κ ≤ N + 1, Zunivdec ·Zκ=N+2dec for
κ = N + 2 or Zunivdec · Zκ=−Ndec for κ = −N .
Therefore, we claim that the Nekrasov partition function of the 5d SU(2N) gauge theory
with a hypermultiplet in the antisymmetric representation is give by
ZINek
({αi},m, uSU(2N)) = ZtopZdec . (2.32)
At the moment, the correspondence is obscure. We will see more explicit correspondence by
splitting the right-hand side of (2.32) into the perturbative part and the instanton part of
the 5d SU(2N) gauge theory with one antisymmetric hypermultiplet.
2.3.1 Perturbative part
We first see the perturbative part of the Nekrasov partition function (2.32) of the 5d SU(2N)
gauge theory with the antisymmetric hypermultiplet. The perturbative part is reproduced
by taking the limit of zero gauge coupling or uSU(2N) → 0. In terms of the parameters in
the 5-brane web in Figure 9, we set Qˆi = 0 for i = 1, · · · , 2N . This condition reduces all the
Young diagram summations with respect to νi, (i = 1, · · · 2N) in (2.27) and we finally obtain
ZIpert =
Z1+2 ({νi = ∅})Z3 ({νi = ∅})
Zunivdec
. (2.33)
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Note that this part does not depend on the CS level k, which is consistent with the field
theory expectation. By using the identity [41],
∞∏
i,j=1
(
1−Qqi+j−1−ν1,j−ν2,i) = ∞∏
i,j=1
(
1−Qqi+j−1) ∏
s∈ν2
(
1−Qq−aνt1 (s)−lν2−1
) ∏
s∈νt1
(
1−Qqaν2(s)+lνt1+1
)
,
(2.34)
where lν(i, j) = νi − j and aν(i, j) = νtj − i, it is possible to rewrite (2.33) as
ZIpert = Z
I
pert1
ZIpert2
Zunivdec
, (2.35)
where
ZIpert1 =
2N−1∏
i=1
2N−1∏
j=i
H(
j∏
k=i
Qk)
−1 N−1∏
i=1
N−2∏
j=i−1
H(Q˜i
j∏
k=i
Q2N−k)
N−1∏
j=1
N∏
i=j
H(QjQ˜−1j
i−1∏
k=j
Qk+1)
×
 N∏
i=1
N+1∏
j=i+1
H(
j−1∏
k=i
Qk)
−1 N−2∏
i=1
N−2∏
j=i
H(
j∏
k=i
Q2N−k)
−1 [N−1∏
i=1
H(Qi)
]−1
,
(2.36)
and
ZIpert2 =
∑
ν˜1,··· ,ν˜N−1
N=1∏
i=1
(
−Qˆi
)|ν˜i|K (ν˜i)Ai ({ν˜}) , (2.37)
with
Aj(ν˜) =
∏
s∈ν˜j
∏j
i=1 L(Q˜i
∏j
k=i+1Qk−1, ν˜j , ∅, 2)
∏N+1
i=j+1 L(Q˜−1j
∏i
k=j+1Qk−1, ν˜j , ∅, 1)
L(Qj , ν˜j , ∅, 1)
∏N−1
i=j+1 L(
∏i−1
k=j Q2N−k, ν˜j , ν˜i, 1)
∏j−1
i=1 L(
∏j−1
k=i Q2N−k, ν˜j , ν˜i, 2)
.
(2.38)
Here we introduced the notation
L(Q, ν1, ν2, k) := (1−Qq(−1)k(lν1 (s)+aν2 (s)+1)) . (2.39)
Due to geometric constraints we have Qˆk = QN+1Q−1N−1Q˜N−1
∏N−1
l=k+1 Q˜l.
Since the eq. (2.35) should be equal to the perturbative partition function of a 5d SU(2N)
gauge theory with a hypermultiplet in the antisymmetric representation, we conjecture that
ZIpert2 =
[∏N−1
k=1
∏2N−k−1
α=N−1 H(Q˜k
∏α
l=kQ2N−l)
] [∏N−1
k=1
∏2N−k−1
α=N+1 H(QkQ˜−1k
∏α−1
l=k Ql+1)
]∏N−1
i=1 H(Qi)
H(Q˜1Qˆ1)
∏N+1
i=1
∏N−1
j=1 H(QN+1
∏N
k=iQk
∏j−1
l=1 QN+1+l)
.
(2.40)
In (2.40) we defined Q˜N ≡ QN+1Q−1N−1Q˜N−1. Then, the partition function (2.35) exactly
reproduces the perturbative partition function of a 5d SU(2N) gauge theory with a hyper-
multiplet in the antisymmetric representation with the contribution from the antisymmetric
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hypermultiplet
ZIpert hyper =
[
N−1∏
k=1
2N−k−1∏
α=k−1
H(Q˜k
α∏
l=k
Q2N−l)
][
N−1∏
k=1
2N−k−1∏
α=k
H(QkQ˜−1k
α−1∏
l=k
Ql+1)
]
. (2.41)
We will check the equality (2.40) in the examples ofN = 2, 3 and see the partition function
(2.35) reproduces the perturbative partition function of the 5d SU(2N) gauge theory with a
antisymmetric hypermultiplet more explicitly.
Examples: N = 2, 3 Here we concentrate on the cases of N = 2, 3.
In the case of N = 2. the perturbative parts of the partition function is given by
ZIpert1 =H(Q1)−2H(Q2)−2H(Q1Q2)−2H(Q3)−1H(Q1Q2Q3)−1H(Q2Q3)−1
H(Qm)H(QmQ2)H(Q1Q−1m )H(QmQ2Q3)−1 .
(2.42)
and
ZIpert2 =
∑
ν˜1
(−Q3Q−1m )|ν˜1|K (ν˜1)
∏
s∈ν˜1
(1−Q1Q−1m qlν˜1 (s)+a∅(s)+1)(1−Qmq−lν˜1 (s)−a∅(s)−1)(1−Q2Qmq−lν˜1 (s)−a∅(s)−1)
(1−QmQ2Q3q−lν˜1 (s)−a∅(s)−1))
.
(2.43)
In this case, the conjecture (2.40) becomes
ZIpert2 =
H(Q2Q3Qm)H(Q3Q−1m )H(Q1Q3Q−1m )H(Q1Q2Q3Q−1m )
H(Q1Q3Q−2m )H(Q3)H(Q2Q3)H(Q1Q2Q3)
. (2.44)
While it is not easy to analytically prove this identity it is possible to check it expanding both
sides in series of Q3. This is because the right-hand side of (2.43) is expanded in Q3 and the
argument in each factor on the righthand side of (2.44) contains Q3 with a positive power.
Explicit computation shows the agreement up to order Q73.
Then, the perturbative partition function becomes
ZIpert =H(Q1)−2H(Q2)−2H(Q1Q2)−2H(Q3)−2H(Q1Q2Q3)−2H(Q2Q3)−2
H(Qm)H(QmQ2)H(Q1Q−1m )H(Q3Q−1m )H(Q1Q3Q−1m )H(Q1Q2Q3Q−1m ) ,
(2.45)
By using the parametrisation (2.3) and (2.12) or more explicitly,
Q1 = e
−(α1−α2) , Q2 = e−(α2−α3) , Q3 = e−(α3−α4) , Qm = e−m+α4+α2 , (2.46)
we obtain the following perturbative partition function
ZIpert =
H(em−α1−α4)H(e−m+α2+α4)H(e−m+α3+α4)H(em−α2−α3)H(em−α1−α3)H(em−α1−α2)
H(e−(α1−α2))2H(e−(α1−α3))2H(e−(α1−α4))2H(e−(α2−α3))2H(e−(α2−α4))2H(e−(α3−α4))2 ,
(2.47)
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which exactly agrees with the perturbative partition function of a 5d SU(4) gauge theory
with a hypermultiplet in the antisymmetric representation.
In the case of N = 3. the perturbative parts of the partition function is given by
ZIpert1 =
H
(
Q1Q2
QmQ5
)
H
(
Q1Q2
Qm
)
H
(
QmQ5
Q2
)
H
(
Q2
Qm
)
H(Qm)H(QmQ5)H(QmQ3)H(QmQ3Q5)∏5
i=1
[∏3
k=iH(Qi
∏k
j=i+1Qj)
2
∏5
k=4H(Qi
∏k
j=i+1Qj)
]
H(QmQ3Q4)H(QmQ3Q4Q25)
(2.48)
and
ZIpert2 =
∑
ν˜1,ν˜2
(
−Q2Q4
Q2m
)|ν˜1|(
− Q4
Qm
)|ν˜2|
K(ν˜1)K(ν˜2)
∏
s∈ν˜1
L
(
Q1Q2
QmQ5
, ν˜1, ∅, 2
)
L
(
Q5Qm
Q2
, ν˜1, ∅, 1
)
L(Q5Qm, ν˜1, ∅, 1)L(Q5QmQ3, ν˜1, ∅, 1)
L(Q4Q3Q25Qm, ν˜1, ∅, 1)L(Q5, ν˜1, ν˜2, 1)
∏
s∈ν˜2
L(Qm, ν˜2, ∅, 1)L
(
Q2
Qm
, ν˜2, ∅, 2
)
L(Q3Qm, ν˜2, ∅, 1)L
(
Q1Q2
Qm
, ν˜2, ∅, 2
)
L(Q3Q4Qm, ν˜2, ∅, 1)L(Q5, ν˜2, ν˜1, 2) .
(2.49)
The conjecture (2.40) becomes
ZIpert2 =
H
(
Q4
Qm
)
H
(
Q2Q4
Qm
)
H
(
Q1Q2Q4
Qm
)
H
(
Q2Q3Q4
Qm
)
H(Q1Q2Q3Q4Qm )H(
Q1Q22Q3Q4
Qm
)
H(Q4)H(Q3Q4)H(Q2Q3Q4)H(Q1Q2Q3Q4)H(Q4Q5) ×
H(Q3Q4Qm)H(Q3Q4Q5Qm)H(Q3Q4Q25Qm)
H(Q1Q2Q3Q4Q5)H
(
Q1Q22Q4
Q5Q3m
)
H(Q3Q4Q5)H(Q2Q3Q4Q5)
.
(2.50)
It is possible to check this identity expanding in Q4 both sides since the righthand side of
(2.49) is expanded by Q4 and the argument in each factor on the righthand side of (2.50)
contains Q4 with a positive power. The agreement has been found up to order Q
4
4.
By using the parametrisation (2.3) and (2.12), we finally obtain
ZIpert =
H(em−α1−α2)H(em−α1−α3)H(em−α1−α4)H(em−α1−α5)H(em−α1−α6)
H(e−(α1−α2))2H(e−(α1−α3))2H(e−(α1−α4))2H(e−(α1−α5))2H(e−(α1−α6))2
H(em−α2−α3)H(em−α2−α4)H(em−α2−α5)H(e−m+α2+α6)H(em−α3−α4)
H(e−(α2−α3))2H(e−(α2−α4))2H(e−(α2−α5))2H(e−(α2−α6))2H(e−(α3−α4))2
H(e−m+α3+α5)H(e−m+α3+α6)H(e−m+α4+α5)H(e−m+α4+α6)H(e−m+α5+α6)
H(e−(α3−α5))2H(e−(α3−α6))2H(e−(α4−α5))2H(e−(α4−α6))2H(e−(α5−α6))2 ,
(2.51)
which exactly agrees with the perturbative partition function of a 5d SU(6) gauge theory
with a hypermultiplet in the antisymmetric representation.
– 20 –
2.3.2 Instanton part
The instanton part in the full partition function (2.32) can be obtained by removing the
perturbative partition function (2.35), namely
ZIinst =
ZINek
({αi} ,m, uSU(2N))
ZIpert
. (2.52)
The instanton partition function (2.52) involves the Young diagram summations both of
νi, i = 1, · · · , 2N and of ν˜k, k = 1, · · · , N − 1. The Young diagram summations with respect
to νi, i = 1, · · · , 2N are related to an expansion by the instanton fugacity uSU(2N) of (2.19).
Therefore, the sum of the terms with
∑2N
i=1 |νi| = k gives the contribution of the k-instanton
of the 5d SU(2N) gauge theory with an antisymmetric hypermultiplet. However, each part
of the k-instanton contribution is still expanded by the Young diagram summations with
respect to ν˜k, k = 1, · · · , N − 1 in (2.52). Hence only after summing up the Young diagram
summations with respect to ν˜k, k = 1, · · · , N − 1, we get an exact answer for the k-instanton
contribution. In fact, we will see in more explicit examples that the summation of the Young
diagrams with respect to ν˜k, k = 1, · · · , N − 1 in (2.52) are simplified due to the division
by ZIpert, a phenomenon similar to the one already observed in [29, 30]. Also, note that
the expression (2.52) gives an alternative form of the Nekrasov partition function of the 5d
SU(2N) gauge theory with a hypermultiplet in the antisymmetric representation obtained
by the localisation technique [42] as the localisation result is written by a contour integral for
each instanton sector.
Examples of N = 2, 3 Here we concentrate on the cases of N = 2, 3 and see the equivalence
of the instanton partition function (2.52) to the result obtained by the localisation which is
written in appendix B.1.
For the case of N = 2 we find that the instanton summations are the following ones
Z1inst =
∑
νˆ, νi
(−Q3Q−1m )|νˆ|K(νˆ)
[
4∏
i=1
(−Qˆi)|νi|K(νi)
]
f3−kν1 (q)f
2−k
ν2 (q)f
−k
ν3 (q)f
−k−1
ν4 (q)×
∏
s∈νˆ
L(Q1Q−1m , νˆ, ν1, 2)L(Qm, νˆ, ν2, 1)L(Q2Qm, νˆ, ν3, 1)
L(Q2Q3Qm, νˆ, ν4, 1) ×∏
s∈ν1
L(Q1Q−1m , ν1, νˆ, 1)
L(Q1, ν1, ν2, 1)2L(Q1Q2, ν1, ν3, 1)2L(Q1Q2Q3, ν1, ν4, 1)×∏
s∈ν2
L(Qm, ν2, νˆ, 2)
L(Q1, ν2, ν1, 2)2L(Q2, ν2, ν3, 1)2L(Q2Q3, ν2, ν4, 1)×∏
s∈ν3
L(QmQ2, ν3, νˆ, 2)
L(Q1Q2, ν3, ν1, 2)2L(Q2, ν3, ν2, 2)2L(Q3, ν3, ν4, 1)×∏
s∈ν4
1
L(QmQ2Q3, ν4, νˆ, 2)L(Q1Q2Q3, ν4, ν1, 2)L(Q2Q3, ν4, ν2, 2)L(Q3, ν4, ν3, 2) .
(2.53)
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Setting all the νi diagrams to be trivial we find that (2.53) reduces to (2.49) and therefore
gives contributions to the perturbative part of the partition function. Since we are interested
in computing the 1-instanton part of the partition function we need to compute (2.53) setting
one of the νi diagrams to be a one box diagram and the remaining ones to be trivial and
subtract the contributions to the perturbative part. In all cases we are able to make an ansatz
for the complete νˆ summation and check this order by order in Q3 up to Q
5
3. Here we quote
the various ansa¨tze that we found, calling Ii the ansatz for the summation with νi = {1} and
νj = ∅ for j 6= i
I1 = Qˆ1 q (−1)
κQ1Q3 (1−Qm) (1−Q2Qm)
(1− q)2 (1−Q1) 2 (1−Q1Q2) 2 (1−Q1Q2Q3) 2Q2m
− Qˆ1 q (−1)
κ (Q1 −Qm)
(q − 1)2 (1−Q1) 2 (1−Q1Q2) 2 (1−Q1Q2Q3)Qm
(2.54)
I2 = Qˆ2 q (−1)
κ+1 (1−Qm)
(q − 1)2 (1−Q1) 2 (1−Q2) 2 (1−Q2Q3)+
Qˆ2 q (−1)κ+1Q3
(
1− Q1Qm
)
(1−Q2Qm)
(1− q)2 (1−Q1) 2 (1−Q2) 2 (1−Q2Q3) 2
(2.55)
I3 =
Qˆ3 q (−1)κ+1Q2Q3
(
1− Q1Qm
)
(1−Qm)
(1− q)2 (1−Q2) 2 (1−Q1Q2) 2 (1−Q3) 2 +
Qˆ3 q (−1)κ+1 (1−Q2Qm)
(1− q)2 (1−Q2) 2 (1−Q1Q2) 2 (1−Q3)
(2.56)
I4 =
Qˆ4 q (−1)κ
(
1− Q3Qm
)
(1− q)2 (1−Q3)2 (1−Q2Q3)2 (1−Q1Q2Q3)
+
Qˆ4 q (−1)κQ3 (1−Qm) (1−Q2Qm)
(1− q)2 (1−Q3)2 (1−Q2Q3)2 (1−Q1Q2Q3)2Qm
.
(2.57)
The 1-instanton result is simply the sum of all these contributions. We compared this result
with the one obtained using localisation methods and found the complete agreement with
values of the Chern-Simons level −2 ≤ κ ≤ 4.
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We followed a similar strategy for the case of N = 3. Here the instanton summations are
Z1inst =
∑
νˆi,νj
(
−Q2Q4
Q2m
)|νˆ1|(
− Q4
Qm
)|νˆ2|
K(νˆ1)K(νˆ2)
[
6∏
i=1
(−Qˆi)K(νi)
]
f4−κν1 (q)f
3−κ
ν2 (q)f
2−κ
ν3 (q)f
−κ
ν4 (q)f
−1−κ
ν5 (q)f
−κ−2
ν6 (q)∏
s∈νˆ1
L
(
Q1Q2
QmQ5
, νˆ1, ν1, 2
)
L
(
Q5Qm
Q2
, νˆ1, ν2, 1
)
L(Q5Qmνˆ1, ν3, 1)L(Q3Q5Qm, νˆ1, ν4, 1)
L(Q3Q4Q25Qm, νˆ1, ν6, 1)L(Q5, νˆ1, νˆ2, 1)
∏
s∈νˆ2
L
(
Q1Q2
Qm
, νˆ2, ν1, 2
)
L
(
Q2
Qm
, νˆ2, ν2, 2
)
L(Qm, νˆ2, ν3, 1)L(Q3Qm, νˆ2, ν4, 1)
L(Q3Q4Q5, νˆ2, ν5, 1)L(Q5, νˆ2, νˆ1, 2)
∏
s∈ν1
L
(
Q1Q2
QmQ5
, ν1, νˆ1, 1
)
L
(
Q1Q2
Qm
, ν1, νˆ2, 1)
)
L(Q1Q2Q3Q4Q5, ν1, ν6, 1)−1
L(Q1, ν1, ν2, 1)2L(Q1Q2, ν1, ν3, 1)2L(Q1Q2Q3, ν1, ν4, 1)2L(Q1Q2Q3Q4, ν1, ν5, 1)
∏
s∈ν2
L
(
Q5Qm
Q2
, ν2, νˆ1, 2
)
L
(
Q2
Qm
, ν2, νˆ2, 1
)
L(Q2Q3Q4Q5, ν2, ν6, 1)−1
L(Q1, ν2, ν1, 2)2L(Q2, ν2, ν3, 1)2L(Q2Q3, ν2, ν4, 1)2L(Q2Q3Q4, ν2, ν5, 1)∏
s∈ν3
L(QmQ5, ν3, νˆ1, 2)L(Qm, ν3, νˆ2, 2)L(Q3Q4Q5, ν3, ν6, 1)−1
L(Q1Q2, ν3, ν1, 2)2L(Q2, ν3, ν2, 2)2L(Q3, ν3, ν4, 1)2L(Q3Q4, ν3, ν5, 1)∏
s∈ν4
L(Q3Q5Qm, ν4, νˆ1, 2)L(Q3Qm, ν4, νˆ2, 2)L(Q4Q5, ν4, ν6, 1)−1
L(Q1Q2Q3, ν4, ν1, 2)2L(Q2Q3, ν4, ν2, 2)2L(Q3, ν4, ν3, 2)2L(Q4, ν4, ν5, 1)∏
s∈ν5
L(Q3Q4Qm, ν5, νˆ2, 2)−1L(Q1Q2Q3Q4, ν5, ν1, 2)−1
L(Q2Q3Q4, ν5, ν2, 2)L(Q3Q4, ν5, ν3, 2)L(Q4, ν5, ν4, 2)L(Q5, ν5, ν6, 1)∏
s∈ν6
L(Q3Q4Q25Qm, ν6, νˆ2, 2)−1L(Q1Q2Q3Q4Q5Q6, ν6, ν1, 2)−1
L(Q2Q3Q4Q5, ν6, ν2, 2)L(Q3Q4Q5, ν6, ν3, 2)L(Q4Q5, ν6, ν4, 2)L(Q5, ν6, ν5, 2) .
(2.58)
Also in this case we were able to to find some ansa¨tze for the νˆ Young diagrams summations
after subtraction of the perturbative part. Here we quote the results calling Ii the summation
with νi = {1} and all the other diagrams trivial. Equality with (2.58) has been checked up
to Q34 order in all cases.
I1 = (−1)
κq Qˆ1
(1− q)2 (1−Q1) 2 (1−Q1Q2) 2 (1−Q1Q2Q3) 2 (1−Q1Q2Q3Q4) (1−Q1Q2Q3Q4Q5)−Q1Q2 (Q1Q2 −Qm)
Q5Q2m
+
(
1− Q1Q2Q4Qm
)(
1− Q1Q2Q3Q4Qm
)(
1− Q1Q22Q3Q4Qm
)
(Q1Q2 −Qm)
(1−Q1Q2Q3Q4) (1−Q1Q2Q3Q4Q5)Qm
−Q
2
1Q4Qˆ1Q
2
2 (Q2 −Qm) (Qm − 1) (Q3Qm − 1)
(1−Q1Q2Q3Q4)Q5Q4m
+
Q1Q4Q
2
2 (Q1Q2 −Qm)
Q5Q4m
]
,
(2.59)
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I2 = (−1)
1−κq Qˆ2
(1− q)2 (1−Q1) 2 (1−Q2) 2Q2 (1−Q2Q3) 2 (1−Q2Q3Q4) (1−Q2Q3Q4Q5)[
Q1Q
2
2Q4 (Q2 −Qm)
Q3m
− Q2 (Q2 −Qm)
Qm
− Q4Q
2
2 (Q1Q2 −Qm) (Qm − 1) (Q3Qm − 1)
(Q2Q3Q4 − 1)Q3m
+
Q5 (Q2 −Qm) (Q2Q4 −Qm) (Q2Q3Q4 −Qm)
(
Q1Q
2
2Q3Q4 −Qm
)
(Q2Q3Q4 − 1) (Q2Q3Q4Q5 − 1)Q3m
]
,
(2.60)
I3 = (−1)
2−κq Qˆ3
(1− q)2 (1−Q2) 2 (1−Q1Q2) 2 (1−Q3) 2 (1−Q3Q4) (1−Q3Q4Q5)−Q1Q4Q22 (Qm − 1)
Q2m
+
Q5
(
1− Q4Qm
)(
1− Q2Q3Q4Qm
)(
1− Q1Q2Q3Q4Qm
)
(1−Qm)Qm
(1−Q3Q4) (1−Q3Q4Q5) +
Qm (−Q3Qm +Qm +Q2 (Q3Qm − 1))−Q1Q2 (Q2 −Qm) (Q3Qm − 1)
Q3Q2m
−
(
1− Q2Qm
)(
1− Q1Q2Qm
)
(1−Q3Qm)
Q3 (1−Q3Q4)
 ,
(2.61)
I4 = (−1)
κq Qˆ4
(1− q)2 (1−Q3) 2 (1−Q2Q3) 2 (1−Q1Q2Q3) 2 (1−Q4) (1−Q4Q5)−Q1Q3Q4Q22 (Q3Qm − 1)
Q2m
+
Q3Q5
(
1− Q4Qm
)(
1− Q2Q4Qm
)(
1− Q1Q2Q4Qm
)
Qm (1−Q3Qm)
(1−Q4) (1−Q4Q5) +
Qm (Q2Q3 (Qm − 1) + (Q3 − 1)Qm)−Q1Q2Q3 (Q2 −Qm) (Qm − 1)
Q2m
−
Q3
(
1− Q2Qm
)(
1− Q1Q2Qm
)
(1−Qm)
1−Q4
 ,
(2.62)
I5 = (−1)
κ+1q Qˆ5
(1− q)2 (1−Q4) (1−Q3Q4) (1−Q2Q3Q4) (1−Q1Q2Q3Q4) (1−Q5)[
Q3Q5 (1−Qm)Qm
(1−Q4) (1−Q5) −
1−Q5Qm
1−Q5 −
(Qm − 1) (Qm + 1) (Q3Qm − 1) (1−Q5Qm)
Q3 (1−Q4) (1−Q3Q4) (Q5 − 1)Q2m
−(1−Qm) (1−Q3Qm) (1−Q5 (Q3Qm +Qm + 1))
Q3 (1−Q4) (1−Q5)Qm −
Q3Q4 (Q4 −Qm) (Q5Qm − 1)
(1−Q4) (1−Q3Q4) (1−Q5)
+
Q4 (1−Qm) (Q2 −Qm) (1−Q3Qm) (1−Q3Q4Q5Qm)
(1−Q4) (1−Q3Q4) (1−Q2Q3Q4) (1−Q1Q2Q3Q4) (1−Q5)Q2m
+
(Qm − 1) (Q3Qm − 1) (1−Q3Q4Q5Qm)
Q3 (1−Q4) (1−Q3Q4) (1−Q2Q3Q4) (Q5 − 1)Q2m
]
,
(2.63)
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I6 = (−1)
κq Qˆ6
(1− q)2 (1−Q5) (1−Q4Q5) (1−Q3Q4Q5) (1−Q2Q3Q4Q5) (1−Q1Q2Q3Q4Q5)[
Q3Q4Q
3
5 (Qm − 1) (Qm −Q4)
(Q5 − 1) (1−Q4Q5) (1−Q3Q4Q5) +
Q5 (Qm − 1)
Q5 − 1 +
Q3Q5Qm (1−Q5Qm)
(Q5 − 1) (1−Q4Q5) +
Q4 (Q2 −Q5Qm) (Q5Qm − 1) (Q3Q5Qm − 1) (1−Q3Q4Q5Qm)
(Q5 − 1) (1−Q4Q5) (1−Q3Q4Q5) (1−Q2Q3Q4Q5) (1−Q1Q2Q3Q4Q5)Q2m
− (Qm − 1) (Q5Qm − 1) (Q5Qm + 1) (Q3Q5Qm − 1)
Q3 (Q5 − 1) (1−Q4Q5) (1−Q3Q4Q5)Q5Q2m
− (Q5Qm − 1) (Q3Q5Qm − 1) (1−Q3Q4Q5Qm)
Q3 (Q5 − 1) (1−Q4Q5) (1−Q3Q4Q5) (1−Q2Q3Q4Q5)Q5Q2m
+
(Q5Qm − 1)
(
Q3Q
2
5Qm (Q3Qm +Qm − 1)−Q5Qm +Q5 − 1
)
Q3 (Q5 − 1) (1−Q4Q5)Q5Qm
]
.
(2.64)
As in the previous case the 1-instanton partition function is simply the sum of all the previous
contributions. Again comparison between the topological string result and the result obtained
via localisation gives the perfect agreement for values of the Chern-Simons level −3 ≤ κ ≤ 5.
So far we have limited our discussion to 1-instanton partition functions but a similar
procedure may be applied to extract the n-instanton partition function from the topological
string partition function. The main difficulty in going beyond 1-instanton is that the summa-
tion of the series involving the νˆk Young diagrams becomes more and more complicated as
the instanton number increases, however it is still possible to check the agreement between
the topological string partition function and the result obtained via localisation checking the
expansion in the parameters appearing in the νˆk summations. We performed this check for
the case of 2-instanton level for both SU(4) and SU(6), both with Chern-Simons level κ = 0.
For the case of SU(4) we checked the agreement between the topological string partition
function and the one obtained via localisation up to order Q43 and for the case of SU(6) a
similar check was performed up to order Q24.
3 5d pure USp(2N) gauge theory
In this section, we move on to the computation of the Nekrasov partition function of the 5d
USp(2N) gauge theory without matter. The first non-trivial example is the one with N = 2
for the case of N = 1 simply corresponds to the SU(2) gauge theory. There are two distinct
USp(2N) gauge theories distinguished by a discrete parameter θ ∈ pi4(USp(2N)) = Z2.
3.1 The 5-brane web
The 5-brane web realising the 5d USp(2N) gauge theory can be constructed again by using
an O7−-plane, and it is depicted in Figure 13.
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O7−
(1− k, 1)(k + 3,−1)
(N + k + 3,−1) (N − k + 1, 1)
N (1, 0)
Figure 13. The web diagram realising a 5d USp(2N) gauge theory in the presence of an O7−-plane.
The integer k that appears in the definition of the web diagram has an important roˆle
as it determines the discrete θ angle of the 5d USp(2N) gauge theory.6 Changing k by one
changes the discrete θ angle and in the case of N = 1 k = 1 (mod 2) corresponds to θ = 0 and
k = 2 (mod 2) corresponds to θ = pi [9]. Here we argue that in general the relation between
k and the discrete θ angle for USp(2N) is7
• If N = 2m then odd/even k gives a USp(4m) gauge theory with θ = pi/0;
• If N = 2m+ 1 then odd/even k gives a USp(4m+ 2) gauge theory with θ = 0/pi.
One easy consistency check is the following one: if we take the diagram for USp(2N) with
a given k we can go to the limit where one of the D5-branes goes off to infinity yielding
the diagram for USp(2N − 2) with k unchanged. As we explicitly show in Appendix B.2.1,
the same limit applied to the instanton partition function of a USp(2N) gauge theory whose
discrete angle is θˆ yields (after a suitable redefinition of the instanton fugacity) the instanton
partition function of a USp(2N − 2) gauge theory with a new discrete θ angle equal to θˆ+pi.
Knowing the relation between k and the discrete θ angle for the case of USp(2) ' SU(2) the
previous argument shows consistency with the result stated before.
At the level of the 5-brane web diagram in Figure 13, we are not able to apply the
topological vertex formalism to the diagram. Hence we split again the O7−-plane by the
quantum resolution. In this case, we can use the usual splitting and the O7−-plane splits into
a (1,−1) 7-brane and a (1, 1) 7-brane [34]. After the arrangement of the branch cuts, we can
finally arrive at a 5-brane web given in Figure 148. The 5-brane does not have an O7−-plane
and we can directly apply the topological vertex by the rules in appendix A.
Instead of directly applying the topological vertex to the 5-brane web diagram in Figure
14, we can also obtain the same partition function in a different way. The USp(2N) gauge
6Note that we have a different definition of the integer k as opposed to [9]. Our choice is motivated by
having the same definition of k for the diagrams of SU(2N) and USp(2N).
7A similar result was independently obtained by Oren Bergman and Gabi Zafrir. We thank their corre-
spondence.
8In Figure 14, we have already shrunken some external 5-branes so that we can apply the topological vertex
to the diagram.
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Q1
QN
Q1
Figure 14. The web diagram in Figure 13 after quantum resolution of the orientifold plane and
extraction of the 7-branes to infinity.
theory can be obtained at far infrared in a Higgs branch of a 5d SU(2N) gauge theory with a
hypermultiplet in the antisymmetric representation. When the antisymmetric hypermultiplet
is massless, then antisymmetric hypermultiplet can obtain a vev and the gauge group SU(2N)
may be broken down to USp(2N). In terms of the 5-brane web in Figure 1, we can tune a
parameter corresponding the mass of the antisymmetric hypermultiplet so that we have an
NS5-brane which stretches from the O7−-plane to the (0, 1) 7-brane. Then, it is possible to
remove the NS5-brane from the two-dimensional plane depicted in Figure 1 to some value in
the (x7, x8, x9)-plane. These degrees of freedom correspond to the vev of the antisymmetric
hypermultiplet. Indeed, after removing the NS5-brane, we can reproduce the 5-brane web in
Figure 13, which gives rise to the 5d USp(2N) gauge theory without matter. The CS level
κ = k of the SU(2N) gauge theory becomes the k value of the USp(2N) gauge theory and
as discussed before it determines the discrete θ-angle of the theory. In terms of the 5-brane
web in Figure 4, the Higgsing corresponds to combining one external (1,−1) 5-brane with
the other N − 1 (1,−1) 5-brane and removing a piece of a 5-brane suspended between the
(1,−1) 7-branes.
It has been known that the Higgsing can be applied to the Nekrasov partition function
or the topological vertex computation [29, 30, 32]. The argument is based on the Higgsing
prescription for the superconformal index of the four-dimensional superconformal field the-
ories [43, 44]. In this case, the Higgs branch arises when the mass m of the antisymmetric
hypermultiplet is zero. In fact, it turns out that the Nekrasov partition function at the far
IR in the Higgs branch can be obtained by inserting the condition m = 0 into the Nekrasov
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partition function or equivalently the topological string partition function of the UV SU(2N)
gauge theory with the antisymmetric hypermultiplet. From the 5-brane web in Figure 4, the
Higgsing corresponds to combining one external (1,−1) 5-branes with the other N−1 (1,−1)
5-branes, and hence we obtain a condition
Q˜1Qˆ1 = eNm = 1 . (3.1)
which is equivalent to m = 0. It is also important to note that, after imposing this particular
tuning condition, there will be other legs in the diagram whose lengths shrink to zero size
due to the presence of geometric constraints in the diagram9. More explicitly we find that
constraints become
Q˜iQˆi = 1 , i = 2, . . . , N − 1 . (3.2)
It is possible to check that the solution to this system has the simple solution m = 0 together
with α2N−i+1 = −αi with i = 1, . . . , N , which also reduces the number of the Coulomb branch
moduli from 2N − 1 to N . This is consistent with the fact that the number of the Coulomb
branch moduli of the 5d USp(2N) gauge theory is N .
Similarly the instanton fugacity of the USp(2N) gauge theory is obtained by applying
(3.1) and (3.2) to (2.19), namely
u2USp(2N) = Qˆ1Qˆ2NA
−2N−2
1 (3.3)
= Qˆ21A
−2N+2k−4
1 . (3.4)
= Qˆ21
(
N−1∏
i=1
Q−2N+2k−4i
)
Q−N+k−2N (3.5)
Here we used A2N = A
−1
1 in the first line and Qˆ2N = Qˆ1A
2k−2
1 from the first line to the
second line.
In the end, because of these constraints, the actual number of parameters in the web
diagram is reduced to N + 1 parameters, namely N Coulomb branch moduli αi with i =
1, · · · , N and one parameter associated with the instanton fugacity uUSp(2N), in agreement
with the expectation for a pure USp(2N) gauge theory.
When we insert the condition m = 0 into (2.32) together with α2N−i+1 = −αi for
i = 1, . . . , N , we should get the Nekrasov partition function of the 5d USp(2N) gauge theory
without matter. Also, this result should agree with the result obtained by directly applying
the topological vertex to the 5-brane web diagram given in Figure 14, which gives the 5d
USp(2N) gauge theory without matter. Therefore, we will make use of (2.32) with the
Higgsing prescription (3.1) and (3.2) instead of the direct computation of the topological
vertex which anyway gives the same result.
9As already noted in [30] the effect of the geometric constraints can also be interpreted as a propagation of
the generalised s-rule inside the web diagram.
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3.2 The partition function
We can easily apply the Higgsing conditions discussed in the previous section to the partition
function of SU(2N) gauge theory with one hypermultiplet in the antisymmetric representation
and this will give directly the partition function of the pure USp(2N) gauge theory. The
main upshot of the application of the tuning conditions is that all the summations involving
the ν˜ diagrams become trivial and therefore the partition function directly factorises into a
perturbative part and an instanton part. We will now discuss separately the two contributions.
3.2.1 Perturbative part
As anticipated before the application of the tuning condition trivialises all the summations
involving the ν˜ Young diagrams which allows us to extract the perturbative part of the
partition function without needing to perform any Young diagram summation. Using the
parametrisation shown in Figure 14 we obtain the following result
ZIIpert =
1[∏N
i=1H(Qi)2
] [∏N
i<j H(Qi
∏j
k>iQk)
2
] [∏N
i=1
∏N−1
k=1 H(
∏N
j=iQj
∏k
l=1QN−l)2
] .
(3.6)
We find that using the parametrisation
Qi = e
−(αi−αi+1) , i = 1, . . . , N − 1 ,
QN = e
−2αN ,
(3.7)
which follows from the application of the Higgsing conditions (3.1) and (3.2) to (2.3), the
perturbative part becomes
ZIIpert =
1[∏N
i=1H(e−2αi)2
] [∏N
i<j H(e−αi+αj )2H(e−αi−αj )2
] . (3.8)
This correctly reproduces the perturbative part of the pure USp(2N) gauge theory.
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3.2.2 Instanton part
Following the same procedure we can write down the instanton part as well for the diagram
giving the pure USp(2N) gauge theory. The result is the following one10
ZIIinst =
∑
νi
[
2N∏
i=1
(−Qˆi)|νi|K(νi)
][
N∏
i=1
fN+2−κ−iνi (q)f
−κ−(i−1)
νN+i
(q)
]
2N∏
i=1
∏
s∈νi
 2N∏
k=i+1
L(
k−1∏
j=i
Qj , νi, νk, 1)
−1
 i−1∏
k=1
L(
i−1∏
j=k
Qj , νi, νk, 2)
−1

L(QN
N−1∏
j=i
Q2j
N−1∏
i=2N−i+1
Q2j , νi, ν2N+1−i, 1 +H(i− 1−N))−1 .
(3.9)
In writing the instanton partition function we used a redundant notation introducing Q2N−i ≡
Qi for i = 1, . . . , N − 1. We shall discuss now the N = 2, 3 cases more in detail.
Examples of N = 2, 3 For the case of N = 2 we find that (3.9) reduces to
ZIIinst =
∑
νi
[
4∏
i=1
(−Qˆi)|νi|K(νi)
]
f3−κν1 (q)f
2−κ
ν2 (q)f
−κ
ν3 (q)f
−κ−1
ν4 (q)∏
s∈ν1
[L(Q1, ν1, ν2, 1)L(Q1Q2, ν1, ν3, 1)L(Q21Q2, ν1, ν4, 1)2]−1∏
s∈ν2
[L(Q1, ν2, ν1, 2)L(Q2, ν2, ν3, 1)2L(Q1Q2, ν2, ν4, 1)]−1∏
s∈ν3
[L(Q1Q2, ν3, ν1, 2)L(Q2, ν3, ν2, 2)2L(Q1, ν3, ν4, 1)]−1∏
s∈ν3
[L(Q21Q2, ν4, ν1, 2)2L(Q1Q2, ν4, ν2, 2)L(Q1, ν4, ν3, 2)]−1 .
(3.10)
To obtain the 1-instanton partition function we need to sum up all possible choices of Young
diagrams νi such that
∑
i |νi| = 1. This result may be compared with the one obtained
using localisation by using the identification of the parameters (3.5) and (3.7). Geometric
constraints relate the Qˆi among themselves leaving only one of them independent. The
instanton fugacity in the case of N = 2 is given by uUSp(2N) = Qˆ1Q
−4+k
1 Q
−2+ k
2
2 by using
(3.5). With the parametrisation, we find the agreement with the 1-instanton and 2-instanton
partition functions of USp(4) with θ = k pi mod pi.
10In writing the instanton partition function we use the Heaviside step function defined as
H(x) =
{
1 x ≥ 0
0 x < 0
.
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We may try to follow a similar strategy for the case of N = 3. Here (3.9) becomes
ZIIinst =
∑
νi
[
6∏
i=1
(−Qˆi)|νi|K(νi)
]
f4−κν1 (q)f
3−κ
ν2 (q)f
2−κ
ν3 (q)f
−κ
ν4 (q)f
−κ−1
ν5 (q)f
−κ−2
ν6 (q)
∏
s∈ν1
L(Q21Q22Q3, ν1, ν6, 1)−2
L(Q1, ν1, ν2, 1)L(Q1Q2, ν1, ν3, 1)L(Q1Q2Q3, ν1, ν4, 1)L(Q1Q22Q3, ν1, ν5, 1)∏
s∈ν2
L(Q1Q22Q3, ν2, ν6, 1)−1
L(Q1, ν2, ν1, 2)L(Q2, ν2, ν3, 1)L(Q2Q3, ν2, ν4, 1)L(Q22Q3, ν2, ν5, 1)2∏
s∈ν3
L(Q1Q2Q3, ν3, ν6, 1)−1
L(Q1Q2, ν3, ν1, 2)L(Q2, ν3, ν2, 2)L(Q3, ν3, ν4, 1)2L(Q2Q3, ν3, ν5, 1)∏
s∈ν4
L(Q1Q2, ν4, ν6, 1)−1
L(Q1Q2Q3, ν4, ν1, 2)L(Q2Q3, ν4, ν2, 2)L(Q3, ν4, ν3, 2)2L(Q2, ν4, ν5, 1)∏
s∈ν5
L(Q1, ν5, ν6, 1)−1
L(Q1Q22Q3, ν5, ν1, 2)L(Q22Q3, ν5, ν2, 2)2L(Q2Q3, ν5, ν3, 2)L(Q2, ν5, ν4, 2)∏
s∈ν6
L(Q1, ν6, ν5, 2)−1
L(Q21Q22Q3, ν6, ν1, 2)2L(Q1Q22Q3, ν6, ν2, 2)L(Q1Q2Q3ν6, ν3, 2)L(Q1Q2, ν6, ν4, 2)
.
(3.11)
The 1-instanton partition function can be obtained by summing over all Young diagram such
that
∑
i |νi| = 1 with the instanton fugacity uUSp(2N) = Qˆ1Q−5+k1 Q−5+k2 Q
− 5
2
+ k
2
3 , which can
be determined from (3.5). Using this we compared the topological string result with the
1-instanton and 2-instanton partition functions of USp(6) with θ = (k + 1)pi mod pi, finding
the perfect agreement.
4 5d SU(2N − 1) gauge theory with antisymmetric matter
As for the last example of a 5-brane web involving an O7−-plane, we consider a 5d SU(2N−1)
gauge theory with the CS level κ and a hypermultiplet in the antisymmetric representation. A
non-trivial case starts from N = 3 as the antisymmetric representation of SU(3) is equivalent
to the anti-fundamental representation of SU(3). Note also that the CS level in this case
should be always half-integer due to the quantisation condition [4]
κ− 2N − 5
2
∈ Z. (4.1)
4.1 The 5-brane web
The 5-brane web which realises a 5d SU(2N − 1) gauge theory with κ = k + 32 and a
hypermultiplet in the antisymmetric representation is depicted in the left figure in Figure 15.
One fractional D5-brane is put on the reflection plane of an O7−-plane and a NS5-brane ends
on the O7−-plane. A hypermultiplet in the antisymmetric representation comes from strings
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O7−
(1− k, 1)
N − 1 (1, 0)
(0, 1)
(N − 1, 1)
N − 1 (1, 0)
(N + k + 3,−1)
(N − k, 1)
(k + 4,−1)
O7−
(1− k, 1)(1, 0)
N − 1 (1, 0)
(0, 1)
(N − 1, 1)
N − 1 (1, 0)
(N + k + 3,−1)
(N − k, 1)
(k + 4,−1)
(k + 3,−1)
Figure 15. The web diagram realising a SU(2N − 1)k+ 32 gauge theory with antisymmetric matter in
the presence of an O7−-plane.
(0, 1)
N − 1 (1, 0)
(N − 1, 1)
N (0, 1)
(N − 1) (1,−1)
N (1, 1)
N (1, 0)
(1− k, 1)
(N − 1 + k,−1)
(N − k,−1)
Figure 16. The web diagram in Figure 15 after quantum resolution of the orientifold plane and
extraction of the 7-branes to infinity.
which cross the middle NS5-brane. We can also obtain an equivalent configuration where one
fractional D5-brane is away from the reflection plane, and it appears only on the left-hand
side of the NS5-brane as in the right figure in Figure 15. In this case, a (1,−1) 5-brane ends
on the O7−-plane due to the charge conservation.
The O7−-plane again splits into two 7-branes at the quantum level, in this case a (1,−1)
7-brane and a (1, 1) 7-brane. The (1, 1) 5-brane ends on the (1, 1) 7-brane after the quantum
resolution of the O7−-plane. The arrangement of the branch cuts of the 7-branes finally
gives rise to a 5-brane web diagram given in Figure 16. This 5-brane web does not involve
orientifolds and one can apply the topological vertex to the 5-brane web in Figure 16.
It is also possible to obtain the equivalent 5-brane web of the right figure in Figure 15
by taking a suitable limit for the 5-brane web of the 5d SU(2N)k gauge theory with one
antisymmetric hypermultiplet given in Figure 5. The limit is taking Q1 → 0 while keeping
Q1Q˜
−1
1 finite and leaving untouched all the other parameters. The limit roughly corresponds
to sending the top color D5-brane into +∞ reducing therefore the gauge group to SU(2N−1).
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QM˜
(N + k + 3,−1)
A˜N
A˜N−1
A˜2
(N − k, 1)
Qˆ2
O7−
Figure 17. The 5-brane web diagram for the 5d SU(2N − 1) gauge theory with one antisymmetric
hypermultiplet obtained after applying a flop transition to the 5-brane web in Figure 15.
In terms of the gauge theory parameters, this limit corresponds to
α1 = (2N − 1)γ, αi = βi−1 − γ, (i = 2, · · · , 2N), m = m′ − 2γ, (4.2)
with γ → ∞. The condition ∑2Ni=1 αi = 0 implies ∑2N−1i=1 βi = 0 and hence βi, (i =
1, · · · , 2N − 1) can be identified with the Coulomb branch moduli of the SU(2N − 1) gauge
theory. m′ is the mass parameter of the hypermultiplet in the antisymmetric representation
of the SU(2N − 1). The limit decouples some vector multiplets and hypermultiplets and it
induces the shift by the CS level by 32 , which can be also read off from the 5-brane web in
Figure 15. In fact, the parameters Ai and M are divergent under the limit γ →∞ and hence
we shift the origin and define M˜ and A˜i as
M˜ = Me−γ , A˜i = Aie−γ , for i = 1, · · · , 2N. (4.3)
Then the 5-brane web diagram after applying the limit and the reparameterisation (4.3) to
Figure 5 is given by Figure 17, which is equivalent to the right figure in Figure 15 after flop
transitions.
Under the reparameterisation (4.2) with the limit γ → ∞, we also need to rescale the
instanton fugacity uSU(2N) to obtain the instanton fugacity uSU(2N−1) for the SU(2N − 1)
gauge theory. In order to see it, we first determine the instanton fugacity of the 5d SU(2N−1)
gauge theory from the corresponding 5-brane web diagram. The way of how to obtain the
instanton fugacity from the 5-brane web in Figure 17 is essentially the same as the way
we performed to obtain the instanton fugacity for the 5d SU(2N) gauge theory with one
antisymmetric hypermultiplet in section 2.2. For that, we first add the mirror image of the
5-brane in the lower half-plane in Figure 17 as in Figure 18. We then extrapolating the two
upper-right external 5-branes to the origin as in Figure 19 and define
L˜1 = Qˆ2A˜
−N+k
2
(
M˜A˜−12
)
= Qˆ2M˜A˜
−N+k−1
2 . (4.4)
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(N + k + 3,−1)
Q
M˜
A˜N
A˜N−1
A˜2
A˜2N
(N − k, 1)
Qˆ2
O7− M˜1/2A˜1/22N
(N + k + 3,−1)
Figure 18. The 5-brane web diagram which is a double cover of the one in Figure 17.
Similarly, we extrapolate the two lower-right external 5-branes to the origin as in Figure 20
and define
L˜2 = Q
(
A˜−12N
)−N−k−3
= QA˜N+k+32N . (4.5)
Then the instanton fugacity for the 5d SU(2N − 1) gauge theory with one antisymmetric
hypermultiplet is given by
u2SU(2N−1) = L˜1L˜2 = Qˆ2QM˜A˜
−N+k−1
2 A˜
N+k+3
2N . (4.6)
We here compare (4.6) with the instanton fugacity (2.17) of the 5d SU(2N) gauge theory
with one antisymmetric hypermultiplet. Since (2.17) is written by using Qˆ1, we first rewrite
it in terms of Qˆ2 and it leads to
u2SU(2N) = Qˆ2QA
−1
1 A
−N+k−1
2 A
N+k+2
2N . (4.7)
On the other hand, the instanton fugacity for the 5d SU(2N − 1) gauge theory with one
antisymmetric hypermultiplet is given by (4.6) and it can be also written as
u2SU(2N−1) = Qˆ2QMA
−N+k−1
2 A
N+k+3
2N e
−(2k+3)γ . (4.8)
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(N − k, 1)
O7−
A˜2
A˜2N
(N + k + 3,−1)
M˜1/2A˜
1/2
2N
1
Figure 19. The definition of L˜1.
By comparing (4.7) with (4.8), we obtain the following relation
u2SU(2N) = u
2
SU(2N−1)A
−1
1 M
−1A−12Ne
−(2k+3)γ (4.9)
= u2SU(2N−1)e
(2N+2k)γ+m′ . (4.10)
Here we used (4.2) from the first line to the second line. Therefore, the relation between the
instanton fugacities is
uSU(2N) = uSU(2N−1)e(N+k)γ+
1
2
m′ . (4.11)
Namely, we need to redefine the instanton fugacity of the 5d SU(2N) gauge theory as (4.11)
in order to obtain the instanton fugacity for the 5d SU(2N − 1) gauge theory.
Since we determined all the parameters and the moduli of the 5d SU(2N − 1)k+ 3
2
gauge
theory in terms of the lengths in the 5-brane web, it is possible to compute the partition
function of the 5d SU(2N − 1)k+ 3
2
gauge theory with antisymmetric matter by applying the
topological vertex to the 5-brane web in Figure 16. However, instead of directly applying the
topological vertex to the 5-brane web in Figure 16, we will make use of the result (2.32) and
take the limit (4.2) to obtain the Nekrasov partition function of the 5d SU(2N −1)k+ 3
2
gauge
theory with the antisymmetric hypermultiplet. The result computed in this way should give
the same result as the one obtained by applying the topological vertex to the 5-brane web in
Figure 16. Although the CS level of the 5d SU(2N) theory realised on the 5-brane web in
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(N − k, 1)
O7−
A˜2
A˜2N
(N + k + 3,−1)
M˜1/2A˜
1/2
2N
1
Figure 20. The definition of L˜2.
Figure 2 is restricted in −N ≤ k ≤ N + 2, the decoupling does not preserve the shape of the
5-brane web in the cases where k = N + 2, N + 1. In those cases, after the decoupling limit
(4.2), the two external 5-brane web diagrams meet each other and we need to perform further
Hanany-Witten transitions. Hence, we will restrict ourselves to the cases where −N ≤ k ≤ N
which gives the 5d SU(2N − 1)κ gauge theory with a hypermultiplet in the antisymmetric
representation and −N + 32 ≤ κ ≤ N + 32 . Those cases are indeed consistent with the bound
of the CS level |κ| ≤ N + 52 .
4.2 The partition function
We then move on to the computation of the partition function of the 5d SU(2N−1)k+ 3
2
gauge
theory with a hypermultiplet in the antisymmetric representation by applying the limit (4.2)
to the partition function (2.32) of the 5d SU(2N)k gauge theory with a hypermultiplet in the
antisymmetric representation. We will divide the discussion into the perturbative part and
the instanton part and obtain the expressions separately.
4.2.1 Perturbative part
We first compute the perturbative partition function of the 5d SU(2N − 1)k+ 3
2
gauge theory
with antisymmetric matter. The perturbative part of the topological string partition function
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may be written as11
ZIIIpert = Z
III
pert1Z
III
pert2 (4.12)
where
ZIIIpert1 =
2(N−1)∏
i=1
2(N−1)∏
j=i
H(
j∏
k=i
Qk)
−1 N−2∏
i=1
N−3∏
j=i−1
H(Q˜i
j∏
k=i
Q2N−1−k)
N−1∏
j=1
N−2∏
i=j
H(Qj−1Q˜−1j−1
i−1∏
k=j
Qk)
×
N−1∏
i=1
N∏
j=i+1
H(
j−1∏
k=i
Qk)
−1 N−2∏
i=1
N−2∏
j=i
H(
j∏
k=i
Q2N−k)
−1 [N−1∏
i=1
H(Qi)
]−1
,
(4.13)
and
ZIIIpert2 =
∑
ν˜1,··· ,ν˜N−1
N=1∏
i=1
(
−Qˆi
)|ν˜i|K (ν˜i)Ai ({ν˜}) , (4.14)
with
Aj(ν˜) =
∏
s∈ν˜j
∏j
i=2 L(Q˜i
∏j
k=i+1Qk−1, ν˜j , ∅, 2)
∏N+1
i=j+1 L(Q˜−1j−1Qj−1
∏i−2
k=j Qk, ν˜j , ∅, 1)
L(Qj , ν˜j , ∅, 1)
∏N−1
i=j+1 L(
∏i−1
k=j Q2N−k, ν˜j , ν˜i, 1)
∏j−1
i=1 L(
∏j−1
k=i Q2N−k, ν˜j , ν˜i, 2)
.
(4.15)
In writing the perturbative part we introduced the notation Q˜−10 Q0 ≡ Q˜m. Similarly to the
case of SU(2N) we can conjecture that the form of ZIIIpert2 is
ZIIIpert2 =
[∏N−1
k=2
∏2N−k−1
α=N−1 H(Q˜k
∏α
l=kQ2N−1−l)
] [∏N−1
k=1
∏2N−k−1
α=N+1 H(Qk−1Q˜−1k−1
∏α−1
l=k Ql)
]∏N−1
i=1 H(Qi)∏N+1
i=2
∏N−1
j=1 H(QN
∏N
k=iQk−1
∏j−1
l=1 QN+l)
.
(4.16)
With this result the correct form of the perturbative part of the partition function of SU(2N−
1) is reproduced. The form (4.16) for ZIIIpert2 can be checked in the cases N = 2, 3 using the
results already obtained for SU(4) and SU(6) finding the perfect agreement.
4.2.2 Instanton part
As in the case of the perturbative part we may obtain the instanton part for the SU(2N−1)k+ 3
2
theory by simply applying the aforementioned limit to the instanton partition function of
SU(2N)k. After taking the limit the instanton partition function will involve summations
of the νi Young diagrams with i = 1, . . . , 2N − 1 and of the ν˜k Young diagrams with k =
1, . . . , N − 1. Since the fugacities involved in the νi summations are proportional to the
instanton fugacity u of the gauge theory the sum of all the terms involving Young diagrams
νi such that
∑ |νi| = k will give the k-instanton contribution of the partition function of
SU(2N − 1). This differs from the case of the νˆk summations for terms with different choices
11Note that in the case of SU(2N − 1) as opposed to the case of SU(2N) there are no contributions due to
decoupled factors in the partition function.
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of νˆk Young diagrams will always contribute to the same level of instanton partition function
and need therefore to be all taken into account. We will discuss now the case of N = 3 where
we are able to perform the computation by simply borrowing the results already obtained
for SU(6) and applying to them the limit in the Coulomb branch moduli (4.2). Note that
a similar strategy applies to the case of N = 2, however in this case the result we obtain is
not extremely interesting for a hypermultiplet in the antisymmetric representation of SU(3)
is actually equivalent to a hypermultiplet in the anti-fundamental representation.
The case of N = 3 For the case of N = 3 we can obtain the instanton partition function
which is
Zinst =
∑
νˆi,νj
(
−Q1Q3
Q2m
)|νˆ1|(
− Q3
Qm
)|νˆ2|
K(νˆ1)K(νˆ2)
[
5∏
i=1
(−Qˆi)K(νi)
]
f3−κν1 (q)f
2−κ
ν2 (q)f
−κ
ν3 (q)f
−1−κ
ν4 (q)f
−κ−2
ν5 (q)∏
s∈νˆ1
L
(
Q4Qm
Q1
, νˆ1, ν1, 1
)
L(Q4Qmνˆ1, ν2, 1)L(Q2Q4Qm, νˆ1, ν3, 1)
L(Q2Q3Q24Qm, νˆ1, ν5, 1)L(Q4, νˆ1, νˆ2, 1)
∏
s∈νˆ2
L
(
Q1
Qm
, νˆ2, ν1, 2
)
L(Qm, νˆ2, ν2, 1)L(Q2Qm, νˆ2, ν3, 1)
L(Q2Q3Q4, νˆ2, ν4, 1)L(Q4, νˆ2, νˆ1, 2)
∏
s∈ν1
L
(
Q4Qm
Q1
, ν1, νˆ1, 2
)
L
(
Q1
Qm
, ν1, νˆ2, 1
)
L(Q1, ν1, ν2, 1)2L(Q1Q2, ν1, ν3, 1)2L(Q1Q2Q3, ν1, ν4, 1)L(Q1Q2Q3Q4, ν1, ν5, 1)∏
s∈ν2
L(QmQ4, ν2, νˆ1, 2)L(Qm, ν2, νˆ2, 2)
L(Q1, ν2, ν1, 2)2L(Q2, ν2, ν3, 1)2L(Q2Q3, ν2, ν4, 1)L(Q2Q3Q4, ν2, ν5, 1)∏
s∈ν3
L(Q2Q4Qm, ν3, νˆ1, 2)L(Q2Qm, ν3, νˆ2, 2)
L(Q1Q2, ν3, ν1, 2)2L(Q2, ν3, ν2, 2)2L(Q3, ν3, ν4, 1)L(Q3Q4, ν3, ν5, 1)∏
s∈ν4
L(Q2Q3Qm, ν4, νˆ2, 2)−1
L(Q1Q2Q3, ν4, ν1, 2)L(Q2Q3, ν4, ν2, 2)L(Q3, ν4, ν3, 2)L(Q4, ν4, ν5, 1)∏
s∈ν5
L(Q2Q3Q24Qm, ν5, νˆ2, 2)−1
L(Q1Q2Q3Q4, ν5, ν1, 2)L(Q2Q3Q4, ν5, ν2, 2)L(Q3Q4, ν5, ν3, 2)L(Q4, ν5, ν4, 2) .
(4.17)
In the cases considered before in order to obtain the 1-instanton result it is necessary to
perform the summation over all the νˆ’s diagrams when setting one of the ν diagrams to be
a one box diagram. However as mentioned before we can simply borrow the result from the
SU(6)k case and apply the limit to it giving directly the answer for the 1-instanton partition
function for SU(5)k+ 3
2
. This result has been compared with the 1-instanton partition function
of SU(5)k+ 3
2
computed using localisation techniques finding perfect the agreement for all the
values of k in the interval −3 ≤ k ≤ 3. In addition to this we have been able to go to the
2-instanton level and perform a partial check of the agreement of the topological string result
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and the result obtained via localisation techniques. Similarly to the case of SU(2N) discussed
in Section 2.3.2 we have checked the agreement for the case of SU(5) 3
2
up to order Q23 at the
2-instanton.
5 Conclusions
In this paper, we have computed the Nekrasov partition function of a 5d SU(2N) gauge the-
ory with one hypermultiplet in the antisymmetric representation by applying the topological
vertex to the corresponding 5-brane web. Furthermore, we determined the parameters and
the moduli of the gauge theory in terms of the lengths in the 5-brane web. This gives a
systematic way to compute the Nekrasov partition function of the 5d SU(2N) gauge theory
with one antisymmetric hypermultiplet. The topological string partition function is written
by sums of several Young diagrams giving therefore a new expression of the Nekrasov parti-
tion function of the 5d SU(2N) gauge theory with antisymmetric matter as opposed to the
partition function obtained via localisation techniques which is written in terms of contour
integrals. However, the expression has a disadvantage due to extra Young diagram summa-
tions not related by the instanton fugacity. In the cases of the 5d SU(4) and SU(6) gauge
theory, we guessed the one-instanton expression after summing up the Young diagrams not
related to the instanton fugacity and explicitly checked that the resulting expression perfectly
agrees with the one-instanton result of the Nekrasov partition function of the 5d SU(4) and
SU(6) gauge theory with one antisymmetric hypermultiplet calculated via localisation. This
gives another evidence that the 5-brane web diagram indeed realises the 5d SU(2N) gauge
theory with a hypermultiplet in the antisymmetric representation. This is a first example
of reproducing the Nekrasov partition function of the 5d SU(2N) gauge theory with one
antisymmetric hypermultiplet from topological strings to our knowledge.
We also computed the Nekrasov partition function of a 5d pure USp(2N) gauge theory
and of a 5d SU(2N − 1) gauge theory with a hypermultiplet in the antisymmetric repre-
sentation by appropriately taking a limit to the partition function of the 5d SU(2N) gauge
theory with a hypermultiplet in the antisymmetric representation. The limit which reduces
the 5d SU(2N) gauge theory with one antisymmetric hypermultiplet to the 5d USp(2N)
gauge theory corresponds to a Higgsing by the antisymmetric hypermultiplet. The limit
which reduces the 5d SU(2N) gauge theory with antisymmetric matter to the 5d SU(2N−1)
gauge theory with antisymmetric matter is decoupling one Coulomb branch modulus with a
combination of the Coulomb branch modulus and the instanton fugacity kept so that the 5-
brane web after the limit reproduces the 5d SU(2N−1) gauge theory with one antisymmetric
hypermultiplet. In both cases, we took the limits which precisely reproduce the 5-brane web
diagram of the 5d USp(2N) gauge theory and of the 5d SU(2N − 1) gauge theory with one
antisymmetric hypermultiplet. Therefore, the topological vertex computation applied to the
5-brane web diagrams should reproduce the same results as the results obtained by taking
the limits. This also illustrates a power of the topological vertex and 5-brane webs which give
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rise to the Nekrasov partition function of a 5d SU(N) gauge theory with one antisymmetric
hypermultiplet and of a 5d pure USp(2N) gauge theory.
It is straightforward to add flavours to the 5d SU(N) gauge theory with one antisym-
metric hypermultiplet or the 5d pure USp(2N) gauge theory. It is known that up to N + 6
flavours may be added in the former case and up to 2N + 6 in the latter [9, 11, 18, 19]. The
cases which saturate the bound have UV completion as a 6d SCFT whereas in other cases the
UV completion is given by a 5d SCFT. It would be interesting to apply the topological vertex
method to those cases with more flavours. When we add more flavours, there is a subtlety
regarding the singularity of the ADHM moduli space [19]. Therefore, the standard ADHM
quantum mechanics might not be applicable to some cases when the number of flavours is
close to the bounds. In those cases the application of topological string results would therefore
give a prediction for the field theory result.
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A The formulae of the topological vertex
In this appendix we summarise the techniques employed in the computation of the topological
string partition function. We collect all the relevant definitions and describe how to correctly
identify the decoupled factors appearing in the topological string partition function.
A.1 The topological vertex
The relevant quantity that we would like to compute using topological strings is the partition
function which may be written as an exponential of the topological string free energy
Ztop = exp
 ∞∑
g=0
Fg g
2g−2
s
 . (A.1)
Here gs is the string coupling and the contribution Fg to the topological string free energy
is computed by considering genus g worldsheets. In turns, when we consider type IIA string
theory on a given Calabi–Yau threefold X it is possible to express the genus g free energy in
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µλ ν
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Figure 21. The topological vertex.
terms of Gromov–Witten invariants of the Calabi–Yau threefold12
Fg =
∑
C∈H2(X,Z)
NgC QC , (A.2)
where the sum is restricted to genus g two-cycles and the fugacity QC is defined as QC :=
e−
∫
C J where J is the Ka¨hler form of X. The numbers NgC are the genus g Gromov–Witten
invariants of the Calabi–Yau threefold and they give a way of counting the number of curves
in the same homology class.
In general the computation of Gromov-Witten invariants for a given Calabi–Yau threefold
is a difficult problem but using a duality between type IIA string theory and M–theory it is
possible to obtain the complete all genus result [46, 47]. Moreover if the Calabi–Yau threefold
is toric it is possible to employ the topological vertex [36, 37, 48, 49] which gives a way to
compute the answer diagrammatically using directly the toric diagram. Quite interestingly
it has been shown recently [30] that the same techniques can be still employed for a certain
non-toric Calabi–Yau threefolds that can be obtained via a complex structure deformation of
a toric Calabi–Yau. Here we review briefly how to compute the topological string partition
function by using the topological vertex and also discuss when this may be applied also in
more general cases when the Calabi–Yau threefold is not toric. We shall not discuss the
refinement of the topological vertex [48, 49] for this is never employed in the main text.
To compute the topological string partition function for a given toric Calabi–Yau threefold
we start by assigning to every leg of the dual of the toric diagram a Young diagram. For
external legs the representation is chosen to be the trivial one. Then to every trivalent vertex
in the diagram we associate the factor
Cλµν(q) = q
||µ||2−||µt||2+||ν||2
2 Z˜ν(q)
∑
η
sλt/η(q
−ν−ρ) sµ/η(q−ρ−ν
t
) . (A.3)
The order of the representation is chosen counter-clock wise and in this paper we always
12This is the exact result for g > 1. For g = 0, 1 there are some additional contributions that may be
expressed in terms of topological invariants of the Calabi–Yau threefold X [45].
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take the last representation to be the one associated to a horizontal leg. When writing the
expression of the topological vertex we defined ||λ||2 = ∑i λ2i and
Z˜ν(q) =
∏
(i,j)∈ν
(
1− qlν(i,j)+aν(i,j)+1
)−1
, (A.4)
where lν(i, j) = νi− j and aν(i, j) = νtj − i are the leg and arm lengths of the Young diagram
respectively. Finally the functions sµ/ν(x) are skew Schur functions and ρ = −i + 12 with
i = 1, 2, . . . . Moreover in the computation of the topological string partition function it is
necessary to assign to every internal leg with Young diagram ν an edge factor which has the
form
(−Q)|ν|fην (q), (A.5)
where |ν| = ∑i νi is the number of boxes of the Young diagram, Q = e− ∫C J is the fugacity
measuring the length of the given leg and fν(q) is called framing factor and it is defined as
fν(q) = (−1)|ν|q
||νt||2−||ν||2
2 . (A.6)
The exponent η is determined in terms of the local embedding of the curve in the Calabi–Yau
threefold, and in particular if locally around the curve the Calabi–Yau threefold is the total
space of O(m− 1)⊕O(−m− 1)→ P1 then η = m.
The full topological string partition function may be obtained by using the rules just
described and summing over all possible choices of Young diagrams.
A.2 Decoupled factors
An important point in the comparison between the topological string partition function and
the Nekrasov partition function is that the former generically contains contributions from
states that carry no charge under any gauge group. Therefore to find perfect agreement
between the two results it is necessary to cancel these contributions from the topological
string partition function. Quite remarkably it is possible to give a diagrammatic prescription
for the identification of these factors and their contribution to the partition function can
be easily computed and cancelled. More specifically for toric Calabi–Yau threefolds these
factors are associated with curves that have zero intersection with any compact divisor in
the geometry. Since compact divisors are associated to gauge symmetry we see directly
that the factors associated to these curves indeed carry no gauge charge. In the dual brane
picture these factors are associated to strings stretching between parallel external legs. A
simple example of a diagram containing decoupled factors is given in Figure 22. Note that
this diagram contains two parallel external legs and therefore we expect the presence of
a decoupled factor. To compute the contribution of the decoupled factor we pass to the
diagram on the right of Figure 22 The Calabi–Yau threefold that has this toric diagram is
the total space of O(−2)⊕O → P1 and its topological string partition function is
Zdec =
∞∏
i,j=1
(1−Qqi+j−1)−1 . (A.7)
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Figure 22. The local diagram that allows for the computation of contributions due to decoupled
factors.
The same logic can be applied in general and gives a practical way for the identification of
all the decoupled factors present in a given topological string partition function. Knowing
the contributions of decoupled factors it is easy to finally obtain the 5d Nekrasov partition
function as
ZNek =
Ztop
Zdec
. (A.8)
A.3 Topological vertex for non-toric geometries
The rules for the topological vertex that we described so far can be applied in all cases in
which the Calabi–Yau manifold is toric, but as shown in [30] it is possible to apply it to a wider
class of geometries suitable to engineer 5d theories. This class includes Calabi–Yau manifolds
that are connected via a complex structure deformation to toric Calabi–Yau manifolds. From
the physical point of view the complex structure deformation amounts to entering the Higgs
branch of the theory. Note that for a generic point in the Coulomb branch moduli space
it is generically impossible to access the Higgs branch and it is necessary to go to specific
subloci in the Coulomb branch moduli space. The possible Higgs branch deformations are
identified in the web diagram as deformations that can remove a 5-brane (or part of it) from
the diagram. The specific tuning of Ka¨hler moduli necessary to access this deformation may
be easily identified as it corresponds to a pole in the 5d superconformal index [43, 44].
This class of geometries is in particularly interesting because it was shown in [30] that it is
possible to directly apply the topological vertex to the non–toric web diagram and correctly
obtain the topological string partition function. This gives a great advantage as it makes
unnecessary to compute the topological string partition function of the parent theory and
then apply to it the suitable tuning conditions. The rule for jumping branes is to simply
assign to them a Young diagram (trivial if the leg is an external one) and sum over all the
possible diagrams. We show in Figure 23 an example involving an external jumping 5-brane
and how the representation ought to be assigned to it. It is possible also to use the non–
toric diagram to analyse the contributions due to decoupled factors present in the topological
string partition function. Quite remarkably the rule that can be used for identifications of
decoupled factors in the toric case still holds in the non–toric case, so again it is possible to
simply consider the contributions associated to curves connected to parallel external legs.
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Figure 23. On the left: an example of a jumping 5-brane. On the right: the rule for applying the
topological vertex directly to the non-toric diagram. All legs with the crossed circle are external and
carry a trivial Young diagram.
B 5d Nekrasov partition functions
In this appendix we recapitulate the techniques employed to perform the computations of
instanton partition functions for 5d theories with gauge groups SU(n) and USp(2n) via
localisation. In both cases the instanton partition function may be written as a Witten index
of a suitable ADHM quantum mechanics, index that can generically be written as
ZkQM (1, 2, α, z) = Tr
[
(−1)F e−β{Q,Q†}e−1(J1+J2)e−2(J2+JR)e−αiΠie−maFa
]
. (B.1)
In the definition of the Witten index Q is one of the supercharges that commutes with all the
other operators in the trace and Q† its adjoint, F is the fermion number, J1 and J2 are the
Cartan generators of the spacetime SO(4) symmetry. Moreover JR is the Cartan generator
of the SU(2) R-symmetry, Πi are the Cartan generators of the gauge group and Fa are the
Cartan generators of the flavour symmetry of the theory. To these symmetries are associated
some chemical potentials denoted 1, 2, αi and ma. Their interpretation is as follows: 1
and 2 are the Ω-background deformation parameters, αi are the Coulomb branch moduli of
the theory and ma represent the mass parameters. Note that since we wish to compare these
results with the ones obtained using topological string computations we will always consider
the special case 2 = −1 =  and q = e−. We will now discuss separately the two cases of
SU(N) with antisymmetric hypermultiplets and pure USp(2N).
B.1 SU(N) gauge theory with antisymmetric matter
In this case the ADHM quantum mechanics is a gauge theory whose group is Gˆ = U(k)
for the case of k-instantons. Except in the case of N = 2 we will also introduce a classical
Chern-Simons coupling κ satisfying the quantisation condition κ − N−42 ∈ Z. The result of
localisation is that the partition function may be written as a suitable contour integral over
– 44 –
the Coulomb branch moduli of the ADHM quantum mechanics13
ZkQM (1, 2, α, z) =
1
k!
∮ k∏
I=1
dφI
2pii
eκ
∑k
J=1 φJZvec(φ, 1, 2, α)ZA(φ, 1, 2, α, z) . (B.2)
Here Zvec is the contribution due to the vector multiplets of the theory and ZA is the con-
tribution of the antisymmetric hypermultiplet. Similarly contributions of additional hyper-
multiplets in different representations of SU(N) may be added but we did not included them
for this is not the case of interest for the comparison with topological string results. The
contribution of vector multiplets takes the form
Zvec(φ, 1, 2, α) =
∏k
I 6=J 2 sinh
φI−φJ
2
∏k
I,J 2 sinh
φI−φJ+2+
2∏k
I,J 2 sinh
φI−φJ+1
2 2 sinh
φI−φJ+2
2
∏N
i=1
∏k
I=1 2 sinh
±(φI−αi)++
2
, (B.3)
and the contribution of the antisymmetric hypermultiplet is
ZA(φ, 1, 2, α, z) =
∏N
i=1
∏k
I=1 2 sinh
φI+αi−m
2
∏k
I>J 2 sinh
φI+φJ−m−−
2 2 sinh
−φI−φJ+m−−
2∏k
I>J 2 sinh
φI+φJ−m−+
2 2 sinh
−φI−φJ+m−+
2
∏k
I=1 2 sinh
2φI−m−+
2 2 sinh
−2φI+m−+
2
.
(B.4)
In writing the contributions appearing in the contour integral we introduced the notation
± = 1±22 . The contour integral has to be carefully performed by selecting the appropriate
poles in the integrand and the general prescription boils down to the computation of Jeffrey-
Kirwan (JK) residues [50]. The result for SU(N) turns out to be quite simple and the poles
which ought to be considered are
φI − αi + + = 0 , φI − φJ + 1 = 0 , φI − φJ + 2 = 0 , (I > J)
φI =
1
2
(m+ +) , φI =
1
2
(m+ +) + ipi , φI + φJ −m− + = 0 , (I > J) .
(B.5)
The poles in the first line come from vector multiplets while the ones in the second line come
from the antisymmetric hypermultiplet.
B.2 USp(2N) gauge theory
For the case of a USp(2N) gauge theory the dual group appearing in the ADHM quantum
mechanics is Gˆ = O(k) for k instantons. Since the gauge group is not connected the instanton
partition function will be written as a sum of two contributions that we shall call Zk±. It is
necessary to take into account that a non-vanishing θ-angle will affect the instanton partition
function and therefore for the two possible choices of discrete θ-angle we will obtain two
different partition functions as follows
ZkQM =

1
2(Z
k
+ + Z
k−) , θ = 0 ,
(−1)k
2 (Z
k
+ − Zk−) , θ = pi .
(B.6)
13Note that there is a difference in the sign of the Chern-Simons level when comparing with [19].
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The two distinct contributions to the partition function may be written as
Zk±(1, 2, α) =
1
|W |±
∮ n∏
I=1
dφI
2pii
Zvec± (1, 2, α) . (B.7)
While there may be additional contributions when hypermultiplets are present we did not
consider them for in all cases we consider pure USp(2N) gauge theories. In writing the form
of Zk± we introduced n via the relation k = 2n + χ with χ = 0, 1 as well as the Weyl group
factor |W |± defined as
|W |χ=0+ =
1
2n−1n!
, |W |χ=1+ =
1
2nn!
, |W |χ=0− =
1
2n−1(n− 1)! , |W |
χ=1
− =
1
2nn!
. (B.8)
For the O(k)+ the integrand is
Zvec+ =
n∏
I<J
2 sinh
±φI ± φJ
2
( ∏n
I 2 sinh
±φI
2
2 sinh ±−++2
∏N
i=1 2 sinh
±αi++
2
n∏
I=1
2 sinh ±φI+2+2
2 sinh ±φI±−++2
)χ
n∏
I=1
2 sinh +
2 sinh ±−++2 2 sinh
±2φI±−++
2
∏N
i=1 2 sinh
±φI±αi++
2
n∏
I<J
2 sinh
±φI±φj+2+
2
2 sinh ±φI±φJ±−++2
.
(B.9)
For O(k)− the form of the integrand depends on whether k is even or odd. For k = 2n + 1
the integrand is
Zvec− =
n∏
I<J
2 sinh
±φI ± φJ
2
( ∏n
I=1 2 cosh
±φI
2
2 sinh ±−++2
∏N
i=1 2 cosh
±αi++
2
n∏
I=1
2 cosh ±φI+2+2
2 cosh ±φI±−++2
)
n∏
I=1
2 sinh +
2 sinh ±−++2 2 sinh
±2φI±−++
2
∏N
i=1 2 sinh
±φI±αi++
2
n∏
I<J
2 sinh
±φI±φj+2+
2
2 sinh ±φI±φJ±−++2
,
(B.10)
and for k = 2n the integrand is
Zvec− =
n∏
I<J
2 sinh
±φI ± φJ
2
n−1∏
I=1
2 sinh(±φI)
2 cosh(+)
2 sinh ±−++2 2 sinh(±− + +)
∏N
i=1 2 sinh(±αi + +)
n−1∏
I=1
2 sinh(±φI + 2+)
2 sinh(±φI ± − + +)
n−1∏
I=1
2 sinh +
2 sinh ±−++2 2 sinh
±2φI±−++
2
∏N
i=1 2 sinh
±φI±αi++
2
n−1∏
I<J
2 sinh
±φI±φj+2+
2
2 sinh ±φI±φJ±−++2
.
(B.11)
Again when writing the integrands we introduced the notation ± = 1±22 . The contour inte-
gral should be again computed using the JK prescription for computing the various residues
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as explained in [50]. For case of k = 1 no integral is actually necessary and the results for
Zk=1+ and Z
k=1− are simply (after taking + = 0 for comparison with the topological string
result)
Zk=1+ →
N∑
i=1
1
2 sinh ±−2 2 sinh
±αi
2
, (B.12)
Zk=1− →
N∑
i=1
1
2 sinh ±−2 2 cosh
±αi
2
. (B.13)
B.2.1 Relation between USp(2N) and USp(2N − 2)
By decoupling one Coulomb branch modulus from the partition function of the USp(2N)
gauge theory, one will obtain the partition function a USp(2N − 2) gauge theory. However,
we will show that the decoupling actually changes the discrete theta angle of the original
USp(2N) gauge theory. Namely the USp(2N) gauge theory has the discrete theta angle
θ = 0 or pi, then the USp(2N − 2) gauge theory obtained by decoupling one Coulomb branch
modulus has the discrete theta angle θ = pi or 0 respectively.
Let us then consider a situation where we decouple one Coulomb branch modulus α1 by
sending α1 → ∞. From the explicit expressions of the partition function (B.9)–(B.11), it is
possible to show that
Zvec+,N →
(
e−α1
)k
(−1)kZvec+,N−1, (B.14)
Zvec−,N →
(
e−α1
)k
(−1)k+1Zvec−,N−1, (B.15)
where k is the instanton number and N is the rank of the USp(2N) gauge group. At the
moment, we keep the factor e−α1 , which will be absorbed in the instanton fugacity. This
implies that the k-instanton partition function of the ADHM quantum mechanics changes as
1
2
(
Zk+,N + Z
k
−,N
)
ukUSp(2N) →
(−1)k
2
(
Zk+,N−1 − Zk−,N−1
) (
e−α1uUSp(2N)
)k
, (B.16)
for θ = 0 and
(−1)k
2
(
Zk+,N − Zk−,N
)
ukUSp(2N) →
1
2
(
Zk+,N−1 + Z
k
−,N−1
) (
e−α1uUSp(2N)
)k
, (B.17)
for θ = pi. By identifying uUSp(2N−2) = e−α1uUSp(2N)14, one obtains
1
2
(
Zk+,N + Z
k
−,N
)
ukUSp(2N) →
(−1)k
2
(
Zk+,N−1 − Zk−,N−1
)
ukUSp(2N−2), (B.18)
(−1)k
2
(
Zk+,N − Zk−,N
)
ukUSp(2N) →
1
2
(
Zk+,N−1 + Z
k
−,N−1
)
ukUSp(2N−2). (B.19)
Therefore, when the USp(2N) gauge theory has the discrete angle θ = 0 or pi then the
USp(2N − 2) gauge theory obtained after the limit has the discrete theta angle θ = pi or 0
respectively. Namely the limit indeed changes the discrete theta angle.
14Therefore, the precise limit is α1 →∞ and uUSp(2N) →∞ while e−α1uUSp(2N) kept.
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Under the limit we defined the instanton fugacity of the USp(2N − 2) gauge theory as
uUSp(2N−2) = e−α1uUSp(2N). This is in fact completely agrees with the expectation from the
5-brane web in section 3. The instanton fugacity of the original the USp(2N) gauge theory
is given by (3.4), namely
u2USp(2N) = Qˆ
2
1A
−2N+2k−4
1 . (B.20)
On the other hand, after decoupling α1, we obtain a 5-brane web with the top and bottom
color D5-branes removed. In particular, the instanton fugacity of the USp(2N − 2) gauge
theory should be given by
u2USp(2N−2) = Qˆ2A
−2(N−1)+2k−4
2 . (B.21)
From the 5-brane web in Figure 14, the relation between Qˆ1 and Qˆ2 is Qˆ2 = Qˆ1
(
A1A
−1
2
)k−N−1
.
Combining this relation with (B.20) and (B.21), one obtains
uUSp(2N)A1 = uUSp(2N−2), (B.22)
which exactly agrees with the redefinition of the instanton fugacity obtained from the analysis
of the partition function.
B.3 Perturbative partition functions
For a full comparison between field theory and topological string computations it is necessary
to compare also the perturbative part of the partition functions. Here we recall the result for
SU(N) with antisymmetric and pure USp(2N).
B.3.1 SU(N) with antisymmetric
For the case of SU(N) with a hypermultiplet in the antisymmetric representation we have
that the perturbative part of the partition function is
Zpert =
∞∏
i,j=1
[
1
(1− qi+j−1)N−1
N∏
I>J
(1− e−αI−αJ−mqi+j−1)(1− eαI+αJ−mqi+j−1)
(1− e−αI+αJ qi+j−1)(1− eαI−αJ qi+j−1)
]
. (B.23)
B.3.2 USp(2N)
For the case of pure USp(2N) the perturbative part is
Zpert =
∞∏
i,j=1
[
1
(1− qi+j−1)N
N∏
I>J
1
(1− e−αI+αJ qi+j−1)(1− eαI−αJ qi+j−1)
N∏
I,J
1
(1− e−αI−αJ qi+j−1)(1− eαI+αJ qi+j−1)
 . (B.24)
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